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Problem 1: First passage probability

In our studies of the Brownian motion we were focused on computing probability p(x, t) that at
time t the particle is at position x. This question can be refined by asking what is the probability
f(x, t) that at time t the particle reaches position x for the first time.

To formulate the problem we assume that at time t = 0 the particle was at x = 0 and that the
particle undergoes a 1D Brownian motion with continuous space and time. Compute the probability
f(xc, t) for xc > 0.

Hint: One way of computing the first passage probability is by placing at xc an absorbing boundary.

Problem 2: From the Rayleigh description to the Brownian picture

The Rayleigh particle is the same particle as the Brownian particle, but studied on a finer time
scale. In this problem, we will see how changing the time scale of observation to longer makes it more
appropriate to use the Brownian description.

• For a Rayleigh particle, we argued that its velocity can be treated as a random variable and
therefore the corresponding Fokker-Planck equation is:
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• We have shown the solution to the FP equation above to define the Ornstein-Uhlenbeck process
– what is the distribution function of the transition probability?

• On a coarser time scale, when the times of interest are much larger than the velocity relaxation
time scale γ−1, the description by velocity becomes irrelevant. Instead, the position is treated as
a random variable, and the FP equations takes the form
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• We need to show that upon coarse-graining, we recover the Brownian description from the
Rayleigh picture. To do so, consider the position of the particle

∆x(t) =
∫ t

t0
dt′v(t′), (2)

with x(t = 0) = 0.

• First, show that x(t) is Gaussian. The fact that x is Gaussian means that to characterise it we
only need the mean and the autocorrelation function.

• Find 〈x(t)〉.



• Find the expression for the autocorrelation function 〈〈x(t2)x(t1)〉〉 using the position defined as
above. See that in general the process X for arbitrary times is not Markovian. Now show that
on a coarse time scale, when t1, t2 − t1 � γ−1, the autocorrelation function becomes

〈〈x(t2)x(t1)〉〉 =
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min(t1, t2).

Conclude that X is a zero-mean Gaussian process with the autocorrelation as above, therefore
it is a Wiener process, and satisfies the FP equation
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Thus deduce the fluctuation-dissipation relationship

D =
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Mγ
.

From this example we can see that the Wiener process may be treated as a long-time integral of the
Ornstein-Uhlenbeck process.

Problem 3: From the Langevin equation to the diffusion constant

Consider the Langevin equation for a one-dimensional motion of a particle in fluid medium

m
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The solution to this equation for t > t0, given the velocity at time t0, is

v(t) = e−ζt/mv(t0) +
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Here, the noise obeys 〈δF (t)〉 = 0 and 〈δF (t)δF (t′)〉 = 2Bδ(t− t′).

• Express the mean square displacement 〈∆x(t)2〉, defined as square of
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and averaged over the noise, through the velocity correlation function 〈v(t)v(t′)〉.

• Using that

〈v(t)v(t′)〉 =
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find an explicit expression for 〈∆x(t)2〉.

• Consider large time limit of your answer. You should find the leading term is linear in t. From
our earlier studies of the Brownian motion we know that

〈∆x(t)2〉 = 2D(t− t0). (8)

What’s the formula for the diffusion constant D assuming that the fluctuation-dissipation relation
holds.


