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Elastic channels are an important component of many soft matter systems, in which hydrodynamic
interactions with confining membranes determine the behavior of particles in flow. In this work, we
derive analytical expressions for Green’s functions associated with a point-force (Stokeslet) directed
parallel or perpendicular to the axis of an elastic cylindrical channel exhibiting resistance against
shear and bending. We then compute the leading order self- and pair mobility functions of particles
on the cylinder axis, finding that the mobilities are primarily determined by membrane shear and that
bending does not play a significant role. In the quasi-steady limit of vanishing frequency, the particle
self- and pair mobilities near a no-slip hard cylinder are recovered only if the membrane possesses a
non-vanishing shear rigidity. We further compute the membrane deformation, finding that deformation
is generally more pronounced in the axial (radial) directions, for the motion along (perpendicular to)
the cylinder centerline, respectively. Our analytical calculations for Green’s functions in an elastic
cylinder can serve as a fundamental building block for future studies and are verified by fully resolved
boundary integral simulations where very good agreement is obtained. Published by AIP Publishing.

https://doi.org/10.1063/1.5002192

I. INTRODUCTION

Many biological and industrial microscale processes
occur in geometric confinement, which is known to strongly
affect the diffusional dynamics in a viscous fluid.1,2 Hydro-
dynamic interactions with boundaries play a key role in such
systems by determining their transport properties.3–7 Tubular
confinement is of particular interest since flow in living organ-
isms often involves channel-like structures, such as arteries in
the cardiovascular system.8 A common feature of these com-
plex networks of channels is the elasticity of their building
material. Arteries and capillaries of the blood system involve
a large number of collagen and elastin filaments, which gives
them the ability to stretch in response to changing pressure.9,10

Elastic deformation has been further utilized to control and
direct fluid flow within flexible microfluidic devices.11–13

The motion of a small sphere in a viscous fluid filling a
rigid cylinder is a well studied problem. A review of most ana-
lytical developments can be found in the classic book of Happel
and Brenner.14 In particular, axial motion has been stud-
ied using the method of reflections by Faxén,15,16 Wakiya,17

Bohlin,18 and Zimmerman,19 to name a few, expressing the
mobility in a power series of the ratio of particle to cylinder
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diameter. These studies have been extended to finite-sized
spheres,20,21 pair interactions,22–24 and recently to non-
spherical particles.25 For an arbitrarily positioned particle, and
in the presence of an external Poiseuille flow, the procedure
has been generalized to yield expressions in terms of the par-
ticle and channel radius, and the eccentricity of the position
of the particle, as derived, e.g., in the studies of Happel and
collaborators26–29 and Liron and Shahar.30 The slow motion of
two spherical particles symmetrically placed about the axis of a
cylinder in a direction perpendicular to their line of centers has
later been studied by Greenstein and Happel.31 Experimental
verification of these results has been performed, e.g., by the
use of laser interferometry by Lecoq et al.

32 or by using digi-
tal video microscopy measurements by Cui et al.

22 Theoretical
developments have been supplemented by numerical computa-
tions of the resistance functions for spheres, bubbles, and drops
in cylindrical tubes.33–38 Other studies include motion perpen-
dicular to the axis,39 finite length of the tube,40 and the flow
around a line of equispaced spheres moving at a prescribed
velocity along the axis of a circular tube.41 Transient effects
have also been taken into account in the studies of Felderhof,
both in the case of an incompressible42 and a compressible
fluid.43–45

For elastic cylinders, most previous work has focused
on the flow itself which is driven through a deformable
elastic channel46,47 where various physiological phenomena
related to the cardiovascular and respiratory systems have
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been observed, including the generation of instabilities,48

small-amplitude wave propagation,49,50 hysteresis behavior of
arterial walls,51 peristaltic pumping,52 and anomalous bubble
propagation.53,54 Further work has been devoted to investigate
the influence of elastic tube deformation on the flow behavior
of a shear-thinning fluid,55–57 the steady flow in thick-walled
flexible elastic tubes,58,59 or the tensile instability under an
axial load.60,61 Moreover, the lateral mobility of membrane
inclusions in a cylindrical biological membrane has been stud-
ied using computer simulations.62,63 Regarding particles in
elastic tubes, some studies64,65 considered a closely fitting par-
ticle in an elastic cylinder which in some sense represents the
opposite limit of the present problem.

The translational mobility of a particle inside an elastic
cylinder has not been studied so far (rotational mobility has
recently been investigated in our related work66). Motivated
by this knowledge gap, we turn our attention to the problem
of hydrodynamic mobility of a small spherical particle slowly
moving in a viscous fluid filling a circular cylindrical elastic
tube. In many situations such as blood flow through small capil-
laries, the Reynolds number is typically very small allowing us
to adopt the framework of creeping (Stokes) flow.67 It is known
from previous studies on systems bounded by elastic surfaces68

that their deformations introduce memory into the system,
which may lead to transient anomalous subdiffusion69,70 or
a change of sign of pair hydrodynamic interactions.71 Here
we determine an analytical expression for Green’s function
in a cylindrical membrane of given elastic shear modulus
and bending rigidity filled with and surrounded by a New-
tonian fluid as the fundamental solution governing Stokes
flow in that particular geometry. From this, we compute the
frequency-dependent mobility of a small massless point par-
ticle inside the cylinder. The solution is obtained by directly
solving the Stokes equations in cylindrical geometry by the use
of Fourier-Bessel expansion to represent the fluid velocity and
pressure.

The remainder of this paper is organized as follows. In
Sec. II, we formulate the problem of axial and radial motions
of a small colloid inside an elastic tube in terms of the Stokes
equations supplemented by appropriate boundary conditions.
We then present the method of solving these equations and use
the obtained results in Sec. III to derive explicit expressions
for the frequency-dependent self- and pair mobility functions
for colloids moving along or perpendicular to the center-
line of the tube. Further, we calculate the deformation of the
membrane for a given actuation. In Sec. IV, we compare our
theoretical developments to boundary integral numerical sim-
ulations for a chosen set of parameters for particles moving
under a harmonic or a steady constant external force. We
conclude this paper in Sec. V and relegate technical details
to the appendices. In Appendix A, we derive in cylindrical
coordinates the traction jumps across a membrane endowed
with shear and bending resistances, which serve as bound-
ary conditions for the calculation of the relevant Stokes flow.
Appendices B and C provide explicit analytical solutions for
axial and radial motions, respectively, for the two limiting
cases of a membrane resistant either only to shear or only
to bending. The solution combining the two can be derived in
the same way.

II. THEORETICAL DESCRIPTION

We consider a small spherical particle of radius a fully
immersed in a Newtonian fluid and moving on the axis of a
cylindrical elastic tube of initial (undeformed) radius R � a.
The tube membrane exhibits a resistance against shear and
bending. We choose the cylindrical coordinate system (r, �, z)
where the z coordinate is directed along the cylinder axis with
the origin located at the center of the particle (see Fig. 1 for
an illustration of the system setup). The regions inside and
outside the cylinder are labeled 1 and 2, respectively.

We proceed by computing Green’s functions which are
solutions of the Stokes equations

⌘r2v1 � rp1 + F(t) �(r) = 0, (1a)

r · v1 = 0, (1b)

inside the tube (for r < R) and

⌘r2v2 � rp2 = 0, (2a)

r · v2 = 0, (2b)

outside the tube (for r > R). Here ⌘ denotes the fluid shear
viscosity, assumed to be the same everywhere. F(t) is an arbi-
trary time-dependent point-force acting at the particle position.
The Reynolds number Re = ⇢Va/⌘ and the Strouhal number
St = !a/V are defined via the velocity amplitude of the oscil-
lating particle V with ! being the corresponding oscillation
frequency. In the linear response regime, the latter is a small
quantity, thus making Re and St also small quantities such that
the non-linear and the time-dependent terms of the Navier-
Stokes equations can safely be neglected and the use of the
steady Stokes equations is justified.

We therefore need to solve Eqs. (1) and (2) subject to the
regularity conditions

|v1 | < 1 for |r| = 0, (3)

v1 ! 0 for z ! 1, (4)

v2 ! 0 for |r| ! 1, (5)

together with the boundary conditions imposed at the surface
r = R by assuming small deformations, namely, the natural
continuity of fluid velocity,

[v
r

] = 0, (6)f
v�

g
= 0, (7)

⇥
v

z

⇤
= 0, (8)

FIG. 1. Illustration of the system setup. A small spherical solid particle of
radius a located at the origin moving on the centerline of a deformable elastic
tube of radius R.



111901-3 Daddi-Moussa-Ider, Lisicki, and Gekle Phys. Fluids 29, 111901 (2017)

and the traction jumps stemming from membrane elastic
deformation,

[�
zr

] = � f

S
z

, (9)f
��r

g
= � f

S
� , (10)

[�
rr

] = � f

S
r

+ � f

B
r

, (11)

where the notation [w] := w(r = R

+) w(r = R ) stands for the
jump of a given quantity w across the cylindrical elastic mem-
brane. These linearized traction jumps can be decomposed into
two contributions due to shear (superscript S) and bending
(superscript B). The membrane is modeled by combining the
neo-Hookean model for shear72–75 and the Helfrich model76,77

for bending of its surface. As derived in Appendix A, the
linearized traction jumps due to shear are written as
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where S is the surface shear modulus (expressed in N/m).
Here u(�, z) = u

r

(�, z)e
r

+ u�(�, z)e� + u

z

(�, z)e
z

is the
membrane deformation field. The comma in indices denotes a
partial spatial derivative.

For bending, only a normal traction jump appears as
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where B is the bending modulus (expressed in Nm). Note
that Helfrich bending does not introduce a discontinuity in the
tangential traction jumps.77

The effect of these two elastic modes, given the charac-
teristic frequency of actuation!, is determined by two dimen-
sionless quantities, the shear coefficient ↵ and the bending
coefficient ↵B, defined as

↵ B
2S

3⌘R!
, ↵B B

1
R

 
B

⌘!

!1/3

. (14)

Note that this definition is slightly different than that in our
earlier work.69

In cylindrical coordinates, the components of the fluid
stress tensor are expressed in the usual way as78
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= ⌘
✓
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,

�
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z,r + v
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A direct relationship between velocity and displacement at
the undisplaced membrane r = R can be obtained from the no-
slip boundary condition, 3 = @

t

u. Transforming to the temporal
Fourier space, we have79

u↵(�, z) =
v↵(r, �, z)

i!

�����
r=R

, ↵ 2 {r, �, z}. (15)

It is worth mentioning that when the finite amplitude of
deformation is important, it becomes necessary to apply the

boundary conditions at the deformed membrane rather than at
undisplaced membrane.80–83

We then solve the equations of motion by expanding
them in the form of Fourier integrals in two distinct regions
(inside and outside the cylindrical membrane). The solution
can be written in terms of integrals of harmonic functions
with unknown coefficients, which we then determine from the
boundary conditions of (a) continuity of radial, azimuthal, and
axial velocities and (b) surface traction jumps derived from
the elastic properties of the membrane. We present the full
analytic solutions for two limiting models of the membrane
susceptible only to shear or bending deformations.

We begin by expressing the solution of Eqs. (1) inside
the cylinder as a sum of a point-force flow field and the flow
reflected from the interface,84,85

v1 = vS + v⇤,

p1 = p

S + p

⇤,

where 3S and p

S are the Stokeslet solutions in an infinite
(unbounded) medium and 3⇤ and p

⇤ are the solutions of the
homogenous (force-free) Stokes equations,

⌘r2v⇤ � rp

⇤ = 0, (16a)

r · v⇤ = 0, (16b)

required such that the full flow field satisfies the regularity
and boundary conditions. In the following, we shall consider
the cases of particle motion parallel or perpendicular to the
cylinder centerline separately. We note that the particle mobil-
ity for motion in an arbitrary direction cannot be obtained
exactly by a simple weighted superposition of these two fun-
damental mobilities. This is due to the elastic nature of the
boundary and in contrast to a hard cylinder. By comparing with
boundary-integral simulations further below, we show how-
ever that superposition does yield a pretty good approximation
and therefore seems to be a reasonable approach.

A. Axial motion

The Stokeslet solution for a point-force located at the
origin and directed along the cylinder axis reads14
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2 is the distance from the singularity posi-
tion. We now rewrite the Stokeslet solution in the form of a
Fourier integral expansion noting that
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and making use of the integral relations27,86

1
d

=
2
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⌅ 1

0
K0(qr) cos qz dq, (18a)

z

d

=
2
⇡

r

⌅ 1

0
K1(qr) sin qz dq, (18b)

wherein K↵ is the ↵th order modified Bessel function of the
second kind.87 We thus express the axisymmetric Stokeslet
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solution in the integral form with the wavenumber q as

v
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using the relation @K1(qr)/@r = qK0(qr) K1(qr)/r.
The reflected flow can also be represented in a sim-

ilar way by noting that the homogenous Stokes equa-
tions (16) for axisymmetric motion have a general solution
expressed in terms of two harmonic functions  k and �k
as14 (p. 77)
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The two functions k and�k are solutions to the axisymmetric
Laplace equation, which can be written in an integral form as

�k =
F
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where ' k and  k are to be determined from the boundary
conditions. At this point, the arbitrary prefactor outside the
integral is chosen such that the resulting velocity and pres-
sure fields will in the end have a similar representation as the
Stokeslet solution given by Eq. (19). For  k and �k to be
solutions to the axisymmetric Laplace equation, the function
fk has to satisfy the zeroth-order modified Bessel equation.87

Since the image solution inside the cylinder has to be reg-
ular at the origin owing to Eq. (3), we take fk ⌘ I0 in the
inner solution. Combining Eqs. (20) and (21), the solution of
Eq. (16) reads
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Thus Green’s function inside the elastic cylindrical chan-
nel for the axial point-force is given explicitly by summing up
the Stokeslet contribution (19) and the reflected flow (22).

The outer solution for the force-free Stokes equations (2)
has an analogous structure with the only difference that the
flow has to decay at infinity by virtue of Eq. (5), and we

therefore take fk ⌘ K0 leading to
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after making use of the relations @I0(qr)/@r = qI1(qr),
@I1(qr)/@r = qI0(qr) I1(qr)/r, and @K0(qr)/@r = qK1(qr).
The unknown functions  ⇤k , '

⇤
k ,  2 k , and '2 k remain to

be determined from the boundary conditions of continuous
velocity and prescribed traction jumps at the membrane.

The continuity of radial and axial velocity components
across the membrane expressed by Eqs. (6) and (8) leads to
the expression of the functions  2 k and '2 k in terms of  ⇤k and
'⇤k as

 2 k =
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where s := qR is a dimensionless wavenumber and

Sk = K1I0 + K0I1,
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�
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�
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�
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Dk = sK

2
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2
1 + 2K0K1.

The modified Bessel functions have the argument s which is
dropped for brevity.

The form of  ⇤k and '⇤k may be determined given the con-
stitutive model of the membrane. In Appendix B, we provide
explicit analytical expressions for  ⇤k and '⇤k by independently
considering a shear-only or a bending-only membrane. An
analogous resolution procedure can be employed by simul-
taneously considering shear and bending resistances.

For future reference, we shall express the solution near a
membrane with both shear rigidity and bending rigidity as

 ⇤k = R

Mk
Nk

, '⇤k = R

Lk
Nk

. (25)

We note that the steady solution near a hard cylinder as first
computed by Liron and Shahar30 stated by Eq. (B4) is recov-
ered in the vanishing frequency limit. In the following, the
solution for a point-force acting perpendicular to the cylinder
axis will be derived.

B. Radial motion

Without loss of generality, we shall consider that the point
force is located at the origin and that its motion is directed along
the x direction in Cartesian coordinates. The induced velocity
field reads14
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and the pressure reads

p
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Setting x = r cos � and y = r sin �, the radial and tangential
velocities read
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By making use of Eqs. (17) and (18), the Stokeslet solution
can thus be written in the form of a Fourier-Bessel integral
expansion as
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Similarly, the reflected flow can also be represented by
noting that the force-free Stokes equations (16) have a general
solution expressed in terms of three harmonic functions  ?,
�?, and �? as14 (p. 77)
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The functions  ?, �?, and �? are solutions to the asym-
metric Laplace equation, which can be written in an integral
form as
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where '?,  ?, and �? are wavenumber-dependent quantities
to be determined from the prescribed boundary conditions at
the membrane.

For  ?, �?, and �? to be solutions to the Laplace equa-
tion, the function f? should be a solution to the first-order
modified Bessel equation.87 In order to satisfy the regularity
of the image solution inside the elastic cylinder as stated by
Eq. (3), we take f? ⌘ I1 in the inner solution. Upon combin-
ing Eqs. (27) and (28), the solution of Eq. (16) for a radial

Stokeslet reads
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⇥ �⇤?(q)
⌘

cos qz dq, (29b)

v

⇤
z

(r, �, z) = �F

x

cos �
4⇡2⌘

⌅ 1

0
q

�
qrI0(qr) '⇤?(q) + I1(qr) ⇤?(q)

�

⇥ sin qz dq, (29c)

p

⇤(r, �, z) =
F

x

cos �
2⇡2

⌅ 1

0
q

2
I1(qr) '⇤?(q) cos qz dq. (29d)

The outer solution for the force-free Stokes equations (2)
has to decay at infinity owing to Eq. (5), suggesting to take f?
⌘ K1 leading to

v2
r

(r, �, z) =
F

x

4⇡2⌘

cos �
r

⌅ 1

0

✓⇣
(2 + q

2
r

2)K1(qr) + qrK0(qr)
⌘

⇥ '2?(q) � (qrK0(qr) + K1(qr)) 2?(q)

+ K1(qr) �2?(q)
◆

cos qz dq, (30a)

v2�(r, �, z) =
F

x

4⇡2⌘

sin �
r

⌅ 1

0

⇣
(qrK0(qr) + 2K1(qr)) '2?(q)

� K1(qr) 2?(q) + (qrK0(qr) + K1(qr)) �2?(q)
⌘

⇥ cos qz dq, (30b)

v2
z

(r, �, z) =
F

x

cos �
4⇡2⌘

⌅ 1

0
q

�
qrK0(qr) '2?(q)�K1(qr) 2?(q)

�

⇥ sin qz dq, (30c)

p2(r, �, z) =
F

x

cos �
2⇡2

⌅ 1

0
q

2
K1(qr) '2?(q) cos qz dq.

(30d)

The six unknown functions can thus be determined from
the imposed boundary conditions, namely, the continuity of
fluid velocity and the traction jumps across the membrane.

The continuity of the velocity field expressed by Eqs. (6)
–(8) leads to the expression of the unknown functions '2?,
 2?, and �2? outside the cylinder in terms of '⇤?,  ⇤?, and �⇤?
inside the cylinder as

'2? =
S?'⇤? + (K1 + sK0)G? ⇤? + K1G?�⇤?

D?
+

R

s

, (31)

 2? =
s

⇣
(2 + s

2)K0 + sK1

⌘
G?'⇤? + S? ⇤? + sK0G?�⇤?

D?
,

(32)

�2? =

⇣
S? � G?

⇣
sK0 + (2 + s

2)K1

⌘⌘
�⇤?

D?

� 2sK0G?'⇤? � 2K1G? ⇤?
D?

� 2R

s

, (33)
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where we have defined

S? = �sK0K1

⇣
sI0 + (2 + s

2)I1

⌘
� s

2
⇣
sI0K

2
0 + I1K

2
1

⌘
,

G? = �s (I0K1 + I1K0),

D? = s

�
s

2
K

3
0 + sK

2
0 K1 � sK

3
1 � (2 + s

2)K0K

2
1
�
.

In Appendix C, we explicitly provide the expressions of
 ⇤?, �⇤?, and �⇤? by independently considering membranes with
pure shear or pure bending.

For future reference, we shall express the solution for a
membrane endowed with both shear and bending as

 ⇤? = R

M?
N?

, '⇤? = R

L?
N?

, �⇤? = R

K?
N?

. (34)

We note here that for cylindrical membranes, shear and
bending contributions do not add up linearly in the solution
of the flow field, i.e., in a similar way as previously observed
between two parallel planar elastic membranes70 or a spherical
membrane88,89 and in contrast to the case of a single planar
membrane.69

III. PARTICLE MOBILITY AND MEMBRANE
DEFORMATION

The exact results obtained in Sec. II allow for the anal-
ysis of the effect of the membrane on the axial and radial
motions of a colloidal particle, particularly for the calculation
of leading-order self- and pair mobility functions90 relevant to
the transport of suspensions in a cylindrical channel. A more
accurate description would be achievable by considering a
distribution of point forces over the particle surface. Our sim-
pler approximation nevertheless leads to good agreement with
numerical simulations performed with truly extended particles
as will be shown below.

A. Axial mobility

We first compute the particle self-mobility correction due
to the presence of the membrane for the axisymmetric motion
parallel to the cylinder axis. At leading order, the self-mobility
correction is calculated by evaluating the axial velocity com-
ponent of the reflected flow field at the Stokeslet position such
that

�µS
k = F

�1
z

lim
r!0

v

⇤
z

, (35)

where S appearing as the superscript refers to “self.” By
making use of Eq. (22b), the latter equation can be written
as

�µS
k =

1
4⇡2⌘

⌅ 1

0
q

�
 ⇤k + '⇤k

�
dq. (36)

Inserting  ⇤k and '⇤k from (25), the scaled self-mobility
correction reads

�µS
k
µ0
=

3
2⇡

a

R

⌅ 1

0

Mk + Lk
Nk

s ds, (37)

where µ0 = 1/(6⇡⌘a) is the usual bulk mobility given by the
Stokes law. Notably, the correction vanishes for a very wide
channel as R!1.

Considering a membrane with both shear and bending
resistances, and by taking ↵ to infinity, we recover the mobility

correction near a hard cylinder with stick boundary conditions,
namely,

lim
↵!1

�µS
k
µ0
= � 3

2⇡
a

R

⌅ 1

0

w k
Wk

ds ⇡ �2.104 44
a

R

, (38)

where numerical integration has been performed to obtain the
latter estimate, which is in agreement with the result known in
the literature.14,16–18 Moreover,

w k = (I0K1 + I1K0)s2 � 2(I0K0 + I1K1)s + 4I1K0,

Wk = s(I2
1 � I

2
0 ) + 2I0I1.

The same result is obtained when considering a membrane
with only shear rigidity.

It is worth noting that a bending-only membrane produces
a different correction to particle self-mobility when ↵B is taken
to infinity, namely,

lim
↵B!1

�µS
k,B
µ0

= � 3
2⇡

a

R

⌅ 1

0

w kB
WkB

ds ⇡ �1.804 14
a

R

, (39)

where

w kB = sK

2
0 ,

WkB = s(I1K0 � I0K1) + 2I1K1.

Clearly, Eq. (39) does not coincide with the hard cylinder limit
predicted by Eq. (38). The reason is the same as discussed
below Eq. (C6c), namely, that bending only restricts normal
but not tangential motion.

We now turn our attention to hydrodynamic interactions
between two particles positioned on the centerline of an elastic
cylinder, with the second particle of the same radius a placed
along the cylinder axis at z = h. For future reference, we shall
denote by � the particle located at the origin and by � the par-
ticle at z = h. The leading order particle pair mobility parallel
to the line of centers is readily obtained from the total flow
field evaluated at the position of the second particle,

µP
k = F

�1
z

lim
r!r�

v1
z

, (40)

where P appearing as the superscript stands for “pair.” The
latter equation can be written in a scaled form as

µP
k
µ0
=

3
2

a

h

+
3

2⇡
a

R

⌅ 1

0

Mk + Lk
Nk

cos (�s) s ds, (41)

where � := h/R. Note that h > 2a as overlap between the two
particles should be avoided. The first term in Eq. (41) is the
leading-order bulk contribution to the pair mobility obtained
from the Stokeslet solution,91–93 whereas the second term is the
frequency-dependent correction to the particle pair mobility
due to the presence of the elastic membrane.

Similarly, for an infinite membrane shear modulus, the
pair mobility near a hard cylinder limit is obtained as

lim
↵!1

µP
k
µ0
=

3
2

a

h

� 3
2⇡

a

R

⌅ 1

0

w k
Wk

cos (�s) ds. (42)

Interestingly, the latter result can also be expressed in
terms of convergent infinite series as22,94

lim
↵!1

µP
k
µ0
=

3
4

1X

n=1

�
a

n

cos(�
n

�) + b

n

sin(�
n

�)
�
e

�↵
n

� , (43)



111901-7 Daddi-Moussa-Ider, Lisicki, and Gekle Phys. Fluids 29, 111901 (2017)

where u

n

= ↵
n

+ i�
n

are the complex roots of the equa-
tion u(J2

0 (u
n

) + J

2
1 (u

n

)) = 2J0(u
n

)J1(u
n

). Moreover, a

n

+ ib

n

= 2
⇣
⇡
�
2J1(u

n

)Y0(u
n

) � u

n

(J0(u
n

)Y0(u
n

) + J1(u
n

)Y1(u
n

))
�

� u

n

⌘
/J2

1 (u
n

), where J↵ and Y↵ are the ↵th order Bessel func-
tions of the first and second kind, respectively. Although being
different in form, our expressions (42) and (43) give identical
numerical values. The pair mobility therefore has a sharp expo-
nential decay as the interparticle distance becomes larger. For
� � 1, the series in Eq. (43) can conveniently be truncated at
the first term to give the estimate

lim
↵!1

µP
k
µ0
' 3

4
�
a1 cos(�1�) + b1 sin(�1�)

�
e

�↵1� , (44)

where ↵1 ' 4.466 30, �1 ' 1.467 47, a1 ' 0.036 98, and
b1 ' 13.808 21. We further mention that the pair mobility
function inside a hard cylinder undergoes a sign reversal for
� & 2.142 06 before it vanishes as � goes to infinity.22

B. Radial mobility

We now compute the particle self-mobility correction
caused by the presence of the membrane for the asymmetric
motion perpendicular to the cylinder axis. At leading order in
the ratio a/R, the mobility corrections are calculated by eval-
uating the reflected fluid velocity at the point-force position.
Accordingly,

�µS
? = F

�1
r

lim
r!0

v

⇤
r

⌘ F

�1
� lim

r!0
v

⇤
� , (45)

where F

r

= F

x

cos � and F� = F

x

sin �. Upon using Eq. (29a),
we readily obtain

�µS
? =

1
8⇡2⌘

⌅ 1

0
q

�
 ⇤? + �⇤?

�
dq. (46)

Inserting  ⇤? and �⇤? from the general form given by (34), and
scaling by the bulk mobility µ0, we get

�µS
?
µ0
=

3
4⇡

a

R

⌅ 1

0

M? + K?
N?

s ds. (47)

Similar, by taking ↵ to infinity, we recover the mobility
correction near a no-slip cylinder, namely,

lim
↵!1

�µS
?
µ0
= � 3

4⇡
a

R

⌅ 1

0

w?
W?

ds ⇡ �1.804 36
a

R

, (48)

in full agreement with previous studies,39,44 where we have
defined

w? = I0(I0K1 + I1K0)s3 +
⇣
(2I

2
0 � 3I

2
1 )K0 � I0I1K1

⌘
s

2

� 2I1(I0K0 + I1K1)s � 4K0I

2
1 ,

W? = I0(I2
0 � I

2
1 )s2 + I1(I2

1 � I

2
0 )s � 2I0I

2
1 .

The same steady mobility is obtained when the membrane is
endowed with pure shear.

It is worth noting that for a bending-only membrane, how-
ever, the particle self-mobility in the limit when ↵B is taken to
infinity reads

lim
↵B!1

�µS
?,B

µ0
= � 3

4⇡
a

R

⌅ 1

0

w?B

W?B
ds ⇡ �1.550 60

a

R

, (49)

where we defined

w?B = s

2(sK1 + K0)2,

W?B = s

⇣
(s2 + 3)K1 + 2sK0

⌘
I0 � (s2 + 3)(sK0 + 2K1)I1.

Further the particle pair mobility function is determined
by evaluating the total velocity field at the nearby particle
position leading to

µP
? = F

�1
r

lim
r!r�

v1
r

⌘ F

�1
� lim

r!r�
v1� . (50)

Equation (50) can be written in a scaled form as

µP
?
µ0
=

3
4

a

h

+
3

4⇡
a

R

⌅ 1

0

M? + K?
N?

cos (�s) s ds. (51)

Similarly, for an infinite membrane shear modulus, we recover
the pair mobility near a hard cylinder,

lim
↵!1

µP
?
µ0
=

3
4

a

h

� 3
4⇡

a

R

⌅ 1

0

w?
W?

cos (�s) ds. (52)

C. Startup motion

Here we will derive the mobility coefficients for a particle
starting from rest and then moving under a constant exter-
nal force (e.g., gravity) exerted along or perpendicular to the
cylinder axis. Mathematically, such force can be described by
a Heaviside step function force F(t) = A✓(t) whose Fourier
transform in the frequency domain reads95

F(!) =
 
⇡�(!) � i

!

!
A. (53)

Applying back Fourier transform, the time-dependent correc-
tion to the particle mobility for a startup motion reads

�µ(t) =
�µ(0)

2
+

1
2i⇡

⌅ +1

�1

�µ(!)
!

e

i!t d!. (54)

The second term in Eq. (54) is a real-valued quantity which
takes values between �µ(0)/2 when t ! 0 and +�µ(0)/2
as t ! 1. Since the frequency-dependent mobility correc-
tions are expressed as a Fourier-Bessel integral over the scaled
wavenumber s, the computation of the time-dependent mobil-
ity requires a double integration procedure. For this purpose,
we use the Cuba Divonne algorithm96,97 for an accurate and
fast numerical computation.

D. Membrane deformation

Finally, our results can be used to compute the membrane
deformation resulting from a time-dependent point-force act-
ing along or perpendicular to the cylinder axis. The membrane
displacement field is readily obtained from the velocity at
r = R via the no-slip boundary condition stated by Eq. (15).
We define the membrane frequency-dependent reaction tensor
(again in an approximate sense if the direction is not perfectly
radial or axial) as98

u↵(�, z,!) = R↵�(�, z,!)F�(!), (55)

bridging between the membrane displacement field and the
force acting on the nearby particle. Restricting to a harmonic
driving force F↵(t) = A↵e

i!0t , the membrane deformation in
the temporal domain is calculated as

u↵(�, z, t) = R↵�(�, z,!0)A�e

i!0t . (56)
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Further, the physical displacement is obtained by taking the
real part of the latter equation. The radial-axial and axial-axial
components of the reaction tensor are then computed from
Eq. (23) as

R

rz

= ⇤

⌅ 1

0
s

⇣�
sK0 + K1

�
'2k � K1 2k

⌘
sin

✓
sz

R

◆
ds,

R

zz

= ⇤

⌅ 1

0
s

⇣�
K0 � sK1

�
'2k + K0 2k

⌘
cos

✓
sz

R

◆
ds,

with ⇤ := 1/(4i⇡2⌘!R

2), which give access to the radial and
axial displacements after making use of Eq. (55). Moreover,
R�z

= 0 due to axial symmetry.
For a point force directed perpendicular to the cylinder

axis, the components of the reaction tensor can readily be
computed from Eqs. (30) to obtain

R

rr

= ⇤

⌅ 1

0

✓⇣
(2 + s

2)K1 + sK0

⌘
'2? � (sK0 + K1) 2?

+ K1�2?

◆
cos

✓
sz

R

◆
ds,

R�� = �⇤
⌅ 1

0

�
(sK0 + 2K1) '2? � K1 2? + (sK0 + K1) �2?

�

⇥ cos
✓

sz

R

◆
ds,

R

zr

= ⇤

⌅ 1

0
s

�
sK0'2? � K1 2?

�
sin

✓
sz

R

◆
ds. (57)

Additionally, we have R

r� = R�r

= R

z� = 0.

IV. COMPARISON WITH BOUNDARY INTEGRAL
SIMULATIONS

The accuracy of the point-particle approximation
employed throughout this work can be assessed by direct
comparison with fully resolved numerical simulations. To this
end, we employ a completed double layer boundary integral
method99–102 which has proven to be perfectly suited for simu-
lating solid particles in the presence of deforming boundaries.
Technical details concerning the algorithm and its numerical

implementation have been reported by some of us elsewhere,
e.g., 70 and 103. The cylindrical membrane has a length of
200a, meshed uniformly with 6550 triangles, and the spherical
particle is meshed with 320 triangles obtained by consecu-
tively refining an icosahedron. We show in the supplementary
material that using finer or coarser meshes does not influence
the results significantly.

In order to determine the particle self- and pair mobilities
numerically, a harmonic force F�↵(t) = A�↵e

i!0t of amplitude
A�↵ and frequency !0 is applied along the direction ↵ at the
surface of the particle labeled �. The force is directed along the
cylinder (z direction), perpendicular to the axis (x direction),
or at angle ✓ to the axis. After a brief transient evolution, both
particles oscillate at the same frequency with different phases,
i.e., V�↵ = B�↵e

i!0t+�� and V�↵ = B�↵e

i!0t+�� . For the accu-
rate determination of the velocity amplitudes and phase shifts,
we use a nonlinear least-squares algorithm104 based on the
trust region method.105 The particle self- and pair mobility
functions can therefore be computed as

µS
↵� =

B�↵

A��
e

i�� , µP
↵� =

B�↵

A��
e

i�� . (58)

We now define the characteristic frequency for shear, � :=
1/↵ = 3⌘!R/(2S), and for bending, �B B 1/↵3

B = ⌘!R

3/B.
We also introduce the membrane-reduced bending modulus as
EB := B/(SR

2) quantifying the nonlinear coupling between
shear and bending.106

In Fig. 2(a), we show the correction to particle self-
mobility versus the scaled frequency � as predicted theoret-
ically by Eq. (37). The particle is set on the centerline of an
elastic cylinder of radius R = 4a. For the simulation parame-
ters, we take a reduced bending EB = 1/6 for which � and �B
have about the same magnitude, and thus shear and bending
manifest themselves equally. We observe that the real part is a
monotonically increasing function of frequency, whereas the
imaginary part exhibits a bell shape. This form corresponds to
the Debye shape often observed for complex linear response
functions in systems with memory (the mathematical form
in the present system is however much more complex than a

FIG. 2. (a) The axial component of the scaled frequency-dependent self-mobility correction versus the scaled frequency � = 1/↵ nearby a cylindrical membrane
endowed with only-shear (green or bright gray in a black and white printout), only-bending (red or dark gray in a black and white printout), and both rigidities
(black). The particle is set on the centerline of an elastic cylinder of radius R = 4a. Here we take a reduced bending modulus EB = 1/6. The theoretical predictions
are presented as dashed and solid lines for the real and imaginary parts, respectively. Boundary integral results are shown as squares for the real part and circles
for the imaginary part. The horizontal dashed lines are the vanishing frequency limits given by Eqs. (38) and (39). (b) The parallel component of the scaled
frequency-dependent pair mobility correction versus the scaled frequency �. The two particles are set a distance h = R apart on the centerline of an elastic
cylinder of radius R = 4a.

ftp://ftp.aip.org/epaps/phys_fluids/E-PHFLE6-29-014711
ftp://ftp.aip.org/epaps/phys_fluids/E-PHFLE6-29-014711
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FIG. 3. The radial component of
the scaled frequency-dependent self-
(a) and pair (b) mobility corrections
versus the scaled frequency �. The
color code is the same as in Fig. 2.

simple Debye equation). For small forcing frequencies, the
real part of the mobility correction approaches that near a
no-slip hard cylinder only if the membrane possesses resis-
tance against shear. For large forcing frequencies, both the
real and imaginary parts vanish, which corresponds to the bulk
behavior. It can clearly be seen that the mobility correction is
primarily determined by shear resistance and bending does
not play a significant role, similar to what has been recently
observed for spherical elastic membranes.88,89 Good quanti-
tative agreement is obtained between analytical predictions
and numerical simulations over the whole range of applied
frequencies.

Analogous predictions for the pair mobility versus the
scaled frequency � are shown in Fig. 2(b). The two particles
are set a distance h = R apart along the axis of an elastic cylinder
of radius R = 4a. The overall shapes resemble those observed
for the self-mobility, where again the effect of shear is more
pronounced. However, it can be seen that the real part for a
bending-only membrane may undergo a change of sign at some
intermediate frequencies in the same way as observed nearby
planar membranes.71 Interestingly, we find that the correction
to the pair mobility induced by the elastic membrane is almost
as large as the bulk pair mobility itself.

The frequency-dependent self- and pair mobility correc-
tions for the motion perpendicular to the cylinder axis are
shown in Fig. 3. We observe that the total mobility correc-
tions are primarily determined by membrane shear resistance
as it has been observed for the axial motion along the cylinder
axis. This is somewhat surprising as for radial motion the par-
ticle “pushes” against the membrane, and one may thus expect
bending resistance to be more important than shear resistance.

Indeed, for planar membranes,69 this is the case. The surpris-
ingly strong influence of shear resistance in the present system
can thus be attributed to the cylindrical geometry. Notably,
the correction near a rigid cylinder is recovered only if the
membrane possesses a finite resistance towards shear.

Next, we address the general motion problem by con-
sidering an oblique force F acting at an angle ✓ relative
to the cylinder axis. For a hard cylinder, this problem can
straightforwardly be solved by decomposing the force into
axial and radial components and linearly superposing axial
and radial mobilities with the same relative weights. Due to
the nature of the boundary conditions, for a deformable elas-
tic boundary as in the present problem, this procedure is not
strictly possible (the weighted linear sum of the axial and
radial flow fields cannot be shown to satisfy the boundary
conditions for oblique motion). Nevertheless, we will show
by comparing with boundary-integral simulations below that
this simple approach allows a surprisingly good approxima-
tion. We thus decompose the force into an axial component
F

z

= F cos ✓ along the cylinder axis together with a radial com-
ponent F

r

= F sin ✓. The particle velocity along the oblique
direction is V = V

z

cos ✓ + V

r

sin ✓ with V

z

= µS
kF cos ✓

and V

r

= µS
?F sin ✓. Accordingly, the particle self- and

pair-mobility functions along the oblique direction can be
estimated as

µS,P = µS,P
k cos2 ✓ + µS,P

? sin2 ✓. (59)

In Fig. 4, we present the mobility corrections versus � due to
an oblique force acting at an angle ✓ = ⇡/4 with respect to the
cylinder axis with � = 0. In this particular situation, the particle
mobility is the arithmetic mean of the mobilities parallel and

FIG. 4. The scaled frequency-
dependent self- (a) and pair (b) mobility
corrections versus the scaled frequency
� for a force acting at an angle ✓ = ⇡/4
with respect to the cylinder axis. The
color code is the same as in Fig. 2.
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FIG. 5. Translational velocity of a particle starting from rest for (a) axial and (b) radial motions under the action of a constant external force, obtained using the
same parameters as in Fig. 2 for a membrane with pure shear (green or bright gray in a black and white printout), pure bending (red or dark gray in a black and
white printout), and both rigidities (black). Solid lines are the analytical predictions obtained from Eq. (54), and symbols are the boundary integral simulations.
Horizontal dashed lines are our theoretical predictions in the steady limit based on the point-particle approximation, and the blue dotted lines are the higher order
corrections given by Eqs. (60) and (61) for the axial and radial motions, respectively. Here ⌧ is a characteristic time scale defined as ⌧ := �/!.

perpendicular to the cylinder axis. We observe that the ana-
lytical predictions compare favourably with boundary integral
simulations, where again the particle mobility is primly deter-
mined by membrane shearing resistance. Consequently, the
present theory gives a good approximation of the mobilities
associated with a general motion containing both radial and
axial directions.

In Fig. 5, we show the time-dependent translational veloc-
ity of a particle starting from rest and subsequently moving
under the action of a constant axial or radial force nearby
a cylindrical membrane endowed with shear-only (green),
bending-only (red), or both shear and bending resistances
(black). The time is scaled by the characteristic time scale for
shear ⌧ := �/! = 3⌘R/(2S). At short time scales, we observe
that the mobility correction amounts to a small value since
the particle does not yet feel the presence of the elastic mem-
brane. As the time increases, the membrane effect becomes
more noticeable and the mobility curves bend down substan-
tially to asymptotically approach the correction nearby a hard
cylinder if the membrane possesses a non-vanishing resistance
towards shear. Moreover, we observe that the steady state is
more quickly achieved for the axial (parallel) motion than for
the radial motion (perpendicular), i.e., in a way similar to what
has been observed nearby planar elastic membranes.69 At the
end of the simulations, the particle position changes only by
about 10% of its radius.

Before continuing, we briefly comment on the importance
of higher order terms. For this, we consider a hard cylinder for
which the correction to the axial mobility can be obtained from
Bohlin inverse series coefficients as19 (Table 2.1)

lim
↵!1

�µS
k
µ0
= �2.104 443

✓
a

R

◆
+ 2.086 694

✓
a

R

◆3
+ · · · , (60)

which has been truncated at the 3rd order here since higher
order terms amount to an insignificant correction for a ⌧ R.
For the radial motion, this reads

lim
↵!1

�µS
?
µ0
= �1.804 360

✓
a

R

◆
+ 1.430 590

✓
a

R

◆3
+ · · · . (61)

Comparing the first and third orders in the above equations
for the present parameters, we find that the higher order terms
lead to a correction of about 5%.

The membrane displacements induced by the axial motion
of the particle are illustrated in Fig. 6, which includes the
theoretical predictions (solid lines) and boundary integral sim-
ulations (symbols) for four different forcing frequencies. The
natural scale for the displacement, A

z

/S, is set by the ampli-
tude of forcing A

z

and the shear resistance S. Here we use the
same parameters as in Fig. 2 for a membrane with both shear
rigidity and bending rigidity. We plot the axial and radial dis-
placements of the axial section (along z) of the tube wall in
the moment in which a particle moving harmonically with a

FIG. 6. The scaled radial (a) and axial
(b) membrane displacements versus z/a

at four different forcing frequencies cal-
culated at quarter period, i.e., when !0t

= ⇡/2 and the particle reaches its maxi-
mal amplitude moving to the right along
the z axis. Solid lines refer to theoret-
ical predictions, and symbols are the
boundary integral simulations.
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FIG. 7. The scaled radial (a), azimuthal
(b), and axial (c) membrane displace-
ments versus z/a at four forcing fre-
quencies calculated at quarter period for
!0t = ⇡/2 when the particle reaches its
maximal radial position. Here deforma-
tions are shown in the plane of maxi-
mum deformation. Solid lines refer to
theoretical predictions determined, and
symbols are the boundary integral sim-
ulations.

very small amplitude reaches its maximal axial position. We
observe that the radial displacement u

r

is an odd function of z

that vanishes at the origin and at infinity. The axial deforma-
tion u

z

shows a fundamentally different evolution with respect
to z, where the membrane is displaced along the direction of
the force. Moreover, the maximum deformation reached in u

z

is found to be about three times larger than that reached in u

r

.
Interestingly, the maximum in u

z

is not attained at the particle
position z = 0, but slightly beside. By comparing the membrane
deformation at various forcing frequencies, it can be seen that
larger frequencies induce smaller deformations as the elastic
membrane does not have enough time to react with the rapidly
wiggling particle.

In Fig. 7, we show the scaled radial, axial, and azimuthal
displacement fields induced by the particle radial motion upon
varying the forcing frequency. Deformations are plotted when
the oscillating particle reaches its maximal amplitude, in the
plane of maximum deformation, i.e., � = 0 (or y = 0) for u

r

and u

z

, and � = ⇡/2 (or x = 0) for u� for a force directed
along the x direction. Not surprisingly, we observe that the
membrane mainly undergoes radial deformation. The latter is
found to be about twice as large as the azimuthal deformation
and even six times larger than axial deformation. The numer-
ical simulations are found to be in very good agreement with
analytical predictions, over the whole length of the deformed
cylinder.

For typical situations, the order of magnitude of the forces
exerted by optical tweezers on suspended particles is of the
order of 1 pN.107 For a cylinder radius of 10 6 m, a shear
modulus of about 10 6 N/m, and a scaled forcing frequency
of � = 2, the membrane undergoes a maximal deforma-
tion of about 2% and 5% of its undeformed radius for the
axial and radial motions, respectively. As a result, membrane

deformations are generally small and deviations from cylin-
drical shape are indeed negligible.

V. CONCLUSIONS

In this paper, we derived explicit analytic expressions for
Green’s functions, i.e., the flow field generated by a point par-
ticle (Stokeslet), acting either axially along or perpendicular
to the centerline of an elastic cylindrical tube which exhibits
resistance towards shear and bending. For this, we first derived
the appropriate boundary conditions determining the surface
traction jump across the membrane and then used a Fourier
integral expansion to solve the Stokes equations. By examin-
ing the influence of shear and bending motion, we determined
the full form of the solutions and discussed their behavior for
the whole range of actuation frequencies for arbitrary elas-
tic parameters of the membrane—the bending rigidity B and
elastic modulus S.

The solution was then used to compute the leading order
correction to the self- and pair mobility of particles mov-
ing axially or radially in the elastic tube, which are in good
agreement with fully resolved boundary integral simulations
performed for the particle radius being a quarter of the chan-
nel size. Additionally, we showed that our analytical theory
can approximately be applied for the general motion due to an
oblique force acting along both the radial and axial directions.
We also computed the deformation field of the membrane for
an arbitrary time-dependent forcing and compared it with fully
resolved numerical simulations.

The theoretical results prove that in this case, the coupling
between the effects of bending and shear of the membrane has
a nonlinear nature, and the limit of a rigid tube is recovered
only for non-zero shear resistance. We further showed that the
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effects of shear are far more important for both axial and radial
motions than bending and therefore determine the qualitative
behavior of the elastically confined particle. For two hydrody-
namically interacting particles, the correction to pair mobility
is found to be of the same order as the bulk pair mobility itself.

SUPPLEMENTARY MATERIAL

See supplementary material for studies on the mesh
independence of the simulation results.
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APPENDIX A: MEMBRANE MECHANICS

In this appendix, we derive equations in cylindrical coor-
dinates for the traction jump across a membrane endowed with
shear rigidity and bending rigidity. We denote by a = Re

r

+ ze
z

the position vector of the points located at the undisplaced
membrane, with R being the undeformed membrane radius.
Here r, �, and z are used to refer to the radial, azimuthal, and
axial coordinates, respectively. After deformation, the vector
position reads

r = (R + u

r

)e
r

+ u�e� + (z + u

z

)e
z

, (A1)

where u denotes the displacement vector field. Hereafter,
we shall use capital roman letters for the undeformed state
and small roman letters for the deformed state. The cylindri-
cal membrane can be defined by the covariant base vectors
g1 := r,� and g2 := r,z. The unit normal vector n is defined as

n =
g1 ⇥ g2

|g1 ⇥ g2 |
. (A2)

Hence, the covariant base vectors read

g1 = (u
r,� � u�)e

r

+ (R + u

r

+ u�,�)e� + u

z,�e
z

, (A3)

g2 = u

r,zer

+ u�,ze� + (1 + u

z,z)ez

, (A4)

and the unit normal vector at leading order in deformation
reads

n = e
r

+
u� � u

r,�

R

e� � u

r,zez

. (A5)

Note that g1 has a length dimension, while g2 and n
are dimensionless. The covariant components of the metric
tensor are defined by the scalar product g↵� = g↵·g� . The

contravariant tensor g

↵� is the inverse of the metric tensor. In
a linearized form, we obtain

g↵� =

 
R

2 + 2R(u
r

+ u�,�) u

z,� + Ru�,z
u

z,� + Ru�,z 1 + 2u

z,z

!
, (A6)

g

↵� =
*...
,

1
R

2
� 2

u

r

+ u�,�

R

3
�u

z,� + Ru�,z

R

2

�u

z,� + Ru�,z

R

2
1 � 2u

z,z

+///
-

. (A7)

The covariant and contravariant tensors in the unde-
formed state, G↵� and G

↵� , can immediately be obtained by
considering a vanishing displacement field in Eq. (A7).

1. Shear

In the following, we shall derive the traction jump equa-
tions across a cylindrical membrane endowed by an in-plane
shear resistance. The two transformation invariants are given
by Green and Adkins as108,109

I1 = G

↵�
g↵� � 2, (A8a)

I2 = det G

↵� det g↵� � 1. (A8b)

From the membrane constitutive relation, the contravari-
ant components of the stress tensor ⌧↵� can readily be obtained
such that73,110

⌧↵� =
2
JS

@W

@I1
G

↵� + 2JS
@W

@I2
g

↵� , (A9)

wherein W is the areal strain energy functional and JS
B
p

1 + I2 is the Jacobian determinant. In the linear theory
of elasticity, JS ' 1 + e, with e := (u

r

+ u� ,�)/R + u

z ,z being
the dilatation function.111 In the present paper, we use the
neo-Hookean model to describe the elastic properties of the
membrane, whose areal strain energy reads112,113

W (I1, I2) =
S

6

 
I1 � 1 +

1
1 + I2

!
. (A10)

By plugging Eq. (A10) into Eq. (A9), the linearized in-
plane stress tensor reads

⌧↵� =
2S

3

*...
,

u

r

+ u�,�

R

3
+

e

R

2

1
2R

✓
u�,z +

u

z,�

R

◆

1
2R

✓
u�,z +

u

z,�

R

◆
u

z,z + e

+///
-

. (A11)

The equilibrium equations balancing the membrane elas-
tic and external forces read

r↵⌧↵� + � f

� = 0, (A12a)

⌧↵�b↵� + � f

n = 0, (A12b)

where � f = � f

�g� + � f

nn is the traction jump vector across
the membrane. Here r↵ stands for the covariant derivative,
which for a second-rank tensor is defined as114

r↵⌧↵� = ⌧↵�,↵ + �↵↵⌘⌧
⌘� + ��↵⌘⌧

↵⌘ , (A13)

with ��↵� being the Christoffel symbols of the second kind
which read115

��↵� =
1
2

g

�⌘
⇣
g↵⌘,� + g⌘�,↵ � g↵�,⌘

⌘
. (A14)

ftp://ftp.aip.org/epaps/phys_fluids/E-PHFLE6-29-014711
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Moreover, b↵� is the curvature tensor defined by the dot
product b↵� = g↵ ,�·n. We obtain

b↵� =

 
u

r,�� � (R + u

r

+ 2u�,�) u

r,�z

� u�,z
u

r,�z

� u�,z u

r,zz

!
. (A15)

At leading order in deformation, only the partial derivative
remains in Eq. (A13). After some algebra, we find that the
traction jumps across the membrane given by Eqs. (A12) are
written in the cylindrical coordinate basis as

S

3

 
u�,zz

+
3u

z,�z

R

+
4(u

r,� + u�,��)

R

2

!
+ � f� = 0, (A16a)

S

3

 
4u

z,zz

+
2u

r,z + 3u�,z�

R

+
u

z,��

R

2

!
+ � f

z

= 0, (A16b)

�2S

3

 
2(u

r

+ u�,�)

R

2
+

u

z,z

R

!
+ � f

r

= 0. (A16c)

Note that for curved membranes, the normal traction jump
does not vanish in the plane stress formulation employed
throughout this work as the zeroth order in the curvature tensor
is not identically null. For a planar elastic membrane however,
the resistance to shear introduces a jump only in the tangential
traction jumps.69–71

In addition, the jump in the fluid stress tensor across the
membrane reads

[��r

] = � f� , � 2 {r, �, z}. (A17)

Therefore, from Eqs. (A16), (A17), and (15), it follows
that

[v�,r] =
i↵

2

 
Rv�,zz

+ 3v

z,�z

+
4(v

r,� + v�,��)
R

! �����
r=R

,

(A18a)

⇥
v

z,r
⇤
=

i↵

2

✓
4Rv

z,zz

+ 2v

r,z + 3v�,z� +
v

z,��

R

◆ �����
r=R

, (A18b)
"
� p

⌘

#
= �i↵

 
2(v

r

+ v�,�)
R

+ v

z,z

! �����
r=R

, (A18c)

where ↵ := 2S/(3⌘R!) is a dimensionless number character-
istic for shear. Note that it follows from the incompressibility
equation

v

r

+ v�,�

r

+ v

r,r + v

z,z = 0 (A19)

that [v
r ,r] = 0. Hereafter, we shall derive the traction jump

equations across a membrane possessing a bending rigidity.

2. Bending

Here we use the full Helfrich model for the bending
energy. For small deformations and planar membranes, this
is equivalent to the “linear bending model” used in our earlier
studies,69–71,116 see Ref. 77 for details. For a curved surface
that we consider here, however, the latter leads to unphysical
tangential components. The traction jump equations across the
membranes are given by77,117

� f = �2B

⇣
2(H2 � K + H0H) + �k

⌘
(H � H0) n, (A20)

where B is the bending modulus, and H and K are the mean
and Gaussian curvatures, respectively, given by

H =
1
2

b

↵
↵, K = det b

�
↵ , (A21)

with b

�
↵ being the mixed version of the curvature tensor related

to the covariant representation of the curvature tensor by
b

�
↵ = b↵�g

�� . Further �k is the horizontal Laplace opera-
tor and H0 is the spontaneous curvature for which we take the
initial undisturbed shape here. The linearized traction jumps
are therefore given by

�B

 
R

3
u

r,zzzz

+ 2R(u
r,zz

+ u

r,zz��) +
u

r

+ 2u

r,�� + u

r,����

R

!

+� f

r

= 0, (A22)

and �f� = �f

z

= 0.
Interestingly, bending does not introduce at leading order a

jump in the tangential traction.103 The traction jump equations
take the following final form:

[v�,r] = 0, (A23a)
⇥
v

z,r
⇤
= 0, (A23b)"

� p

⌘

#
= �i↵3

B

 
R

3
v

r,zzzz

+ 2R(v
r,zz

+ v

r,zz��)

+
v

r

+ 2v

r,�� + v

r,����

R

! �����
r=R

, (A23c)

where ↵B = (B/(⌘!))1/3/R is the dimensionless number
characteristic for bending.

APPENDIX B: DETERMINATION OF THE UNKNOWN
FUNCTIONS FOR AXIAL MOTION

In this appendix, we derive the expressions of the two
functions  ⇤k and '⇤k associated with the solution of the Stokes
equations due to a point force directed along a cylindrical
membrane possessing pure shear or pure bending rigidity.

1. Pure shear

As a first model, we consider an idealized membrane with
a finite shear resistance and no bending resistance, such as an
artificial capsule.118–122 The tangential traction jump given by
Eq. (9) is in leading order independent of bending resistance
and readily leads to

�s

2
I1 ⇤k � s

2 �
I1 + sI0

�
'⇤k + s

2 �(i↵ � 1)K1 + 2i↵sK0
�
 2 k

� �
(1 + i↵ + 2i↵s

2)K1 � (1 + i↵)sK0
�
s

2'2 k
= Rs

�
sK0 � 2K1

�
,

(B1)
where ↵ = 2S/(3⌘R!) is the shear parameter. Neglecting
the bending contribution � f

B
r

in the radial traction jump in
Eq. (11) yields

2s

2
I0'
⇤
k � i↵s

�
sK0 + 2K1

�
 2 k + s

�
i↵(2 + s

2)K1

+ s(i↵ � 2)K0
�
'2 k = �2RsK0. (B2)

Equations (24) together with (B1) and (B2) form a linear
system of equations for the four unknown functions, amenable
to immediate resolution via the standard substitution method.
We obtain

 ⇤k = R

MkS
NkS

, '⇤k = R

LkS
NkS

, (B3)
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where the numerators read

MkS= ↵
⇣
(I0K1 + I1K0)

�
3i↵K

2
0 � (4 + 3i↵)K2

1
�
s

3 +
��3i↵I0K

3
0

+ (8 + 3i↵)I1K

2
0 K1 + (8 + 9i↵)I0K0K

2
1 + 3i↵I1K

3
1
�
s

2

+
�
6(i↵ � 1)I1K

3
0 � 6(i↵ + 1)I0K

2
0 K1

� 2(1 + 6i↵)I1K0K

2
1 � 2I0K

3
1
�
s + 12i↵K

2
0 K1I1

⌘
,

LkS=
⇣� � 3i↵I0K

3
0 + (4 � 3i↵)I1K

2
0 K1 + (4 + 3i↵)I0K0K

2
1

+ 3i↵I1K

3
1
�
s

2 +
�
6(i↵ � 1)I1K

3
0 � 6(1 + i↵)I0K

2
0 K1

+ 2(1 � 6i↵)I1K0K

2
1 + 2I0K

3
1
�
s + 12i↵I1K

2
0 K1

⌘
↵,

and the denominator reads

NkS =
�
3i(K2

0 � K

2
1 )(I2

0 � I

2
1 )↵ + 4(I2

1 K

2
0 � I

2
0 K

2
1 )

�
↵s

3

+ 2↵s

2(I0K0 + I1K1) ⇥ �
3i↵(I0K1 � I1K0)

+ 2(I0K1 + I1K0)
�

+ 4
� � 3iI0I1K0K1↵

2

+ ↵(I2
1 K

2
0 � I

2
0 K

2
1 ) + i(I0K1 + I1K0)2�

s

+ 8↵I1K1(I0K1 + I1K0).

Taking ↵ ! 1, which is achieved either by considering an
infinite shear modulus S or a vanishing actuation frequency,
we recover the known solution for a hard cylinder with stick
boundary conditions, namely,

lim
↵!1

 ⇤k
R

=
(I0K1 + I1K0)s2 � (I0K0 + I1K1)s + 2I1K0

s

�
sI

2
0 � sI

2
1 � 2I0I1

� ,

(B4a)

lim
↵!1

'⇤k
R

=
2I1K0 � (I0K0 + I1K1)s

s

�
sI

2
0 � sI

2
1 � 2I0I1

� , (B4b)

in agreement with the results of Liron and Shahar.30 Note that
both  2 k and '2 k vanish in this limit, meaning that the fluid
outside the cylinder is stagnant.

2. Pure bending

A complimentary model membrane involves only a finite
bending resistance, as considered previously to model a typical
fluid vesicle.123–126 The effects of bending are determined by
the dimensionless number ↵B = (B/(⌘!))1/3/R. We now set
� f

S
z

= � f

S
r

= 0 in Eqs. (9) and (11). The tangential-normal
stress component is therefore continuous, leading to

� s

2
I1 
⇤
k � s

2 �
I1 + sI0

�
'⇤k � s

2
K1 2 k �

�
K1 � sK0

�
s

2'2 k

= Rs

�
sK0 � 2K1

�
,

while the discontinuity in the normal traction jump leads to

s

⇣
2sI0 + i↵3

B(sI0 � I1)(s2 � 1)2
⌘
'⇤k + i↵3

Bs(s2 � 1)2
I1 ⇤k

� 2s

2
K0'2 k = Rs

⇣
2 + i↵3

B(s2 � 1)2
⌘

K0.

The functions  ⇤k and '⇤k can be cast in a form similar to
Eq. (B3) as

 ⇤k = R

MkB
NkB

, '⇤k = R

LkB
NkB

, (B5)

with the numerators

MkB = ↵
3
B(s2 � 1)2

K0(K1 + sK0),

LkB = �↵3
B(s2 � 1)2

K0K1,

and the denominator

NkB = (s2�1)2 (s(I0K1 � I1K0) � 2I1K1) ↵3
B�2is(I0K1+I1K0).

Importantly, by considering the limit ↵B ! 1 (cor-
responding to an infinite bending modulus of a vanishing
actuation frequency), we obtain

lim
↵B!1

 ⇤k
R

=
K0

�
sK0 + K1

�
�
sI0 � 2I1

�
K1 � sK0I1

,

lim
↵B!1

'⇤k
R

= � K0K1�
sI0 � 2I1

�
K1 � sK0I1

,

which is found to be different from the solution for a hard
cylinder given by Eqs. (B4). This difference will be explained
later on as it is characteristic for many elastohydrodynamic
systems.

APPENDIX C: DETERMINATION OF THE UNKNOWN
FUNCTIONS FOR RADIAL MOTION

In this appendix, we provide analytical expressions of the
three functions '⇤?,  ⇤?, and �⇤? associated with a point force
acting perpendicular to a cylindrical membrane with either
shear or bending rigidity.

1. Pure shear

We first consider an idealized membrane with a finite shear
resistance and no bending resistance. The tangential traction
jump along the z direction given by Eq. (9) is independent of
bending leading to

s

2(I0 + sI1)'⇤? + s(sI0 � I1) ⇤? + s
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 2?
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and the tangential traction jump along the � direction given by
Eq. (10) leads to
⇣
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Furthermore, the shear related part in the normal traction jump
given by Eq. (11) yields

2s

2
I1'
⇤
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 2?+2i↵(sK0 + 2K1)�2?=�2RsK1.

Inserting the expressions of '2?,  2?, and �2? given by
Eqs. (31)–(33) into Eqs. (C1)–(C3a), we obtain the unknown
functions '⇤?, ⇤?, and �⇤? inside the channel. Explicit analytical
expressions are not listed here due to their complexity and
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lengthiness. Particularly, by taking ↵ ! 1, we recover the
solution for a no-slip cylinder, namely,

lim
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(C3c)

and '2? =  2? = �2? = 0, in complete agreement with the
results by Liron and Shahar.30

2. Pure bending

Neglecting the shear contribution in the tangential traction
jump along the z direction given by Eq. (9), we obtain

s

2(I0 + sI1)'⇤? + s(sI0 � I1) ⇤? + s

2(K0 � sK1)'2?
+ s(K1 + sK0) 2? = Rs(K0 � sK1). (C4)

The traction jump along the � direction stated by Eq. (10)
is continuous, leading to
⇣
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while the discontinuity of the normal traction jump due to pure
bending leads to
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(C5)

The unknown functions '⇤?,  ⇤?, and �⇤? are readily
obtained after plugging the expressions of '2?,  2?, and �2?
given by Eqs. (31)–(33) into Eqs. (C4) and (C5). Further, by
taking ↵B !1, we obtain
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which is not identical to the solution for a no-slip cylinder given
by Eqs. (C3), i.e., in the same way as observed for the axial
motion. This feature is justified by the fact that bending does
not introduce a discontinuity in the tangential traction jumps
and that the normal traction jumps due to bending resistance
as prescribed by Helfrich law in Eq. (13) depends only on the
normal displacement u

r

. Therefore, even when considering an
infinite bending modulus, the tangential components of the
membrane displacement u� and u

z

are still completely free.

As a result, this behavior cannot represent the hard cylinder
where all membrane displacements should be restricted. A
similar feature has been found for spherical membranes.88,89
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einer zähen flüssigkeit, die zwischen zwei parallelen ebenen wänden
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