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Elastic channels are an important component of many soft matter systems, in which hydrodynamic
interactions with confining membranes determine the behavior of particles in flow. In this work, we
derive analytical expressions for Green’s functions associated with a point-force (Stokeslet) directed
parallel or perpendicular to the axis of an elastic cylindrical channel exhibiting resistance against
shear and bending. We then compute the leading order self- and pair mobility functions of particles
on the cylinder axis, finding that the mobilities are primarily determined by membrane shear and that
bending does not play a significant role. In the quasi-steady limit of vanishing frequency, the particle
self- and pair mobilities near a no-slip hard cylinder are recovered only if the membrane possesses a
non-vanishing shear rigidity. We further compute the membrane deformation, finding that deformation
is generally more pronounced in the axial (radial) directions, for the motion along (perpendicular to)
the cylinder centerline, respectively. Our analytical calculations for Green’s functions in an elastic
cylinder can serve as a fundamental building block for future studies and are verified by fully resolved
boundary integral simulations where very good agreement is obtained. Published by AIP Publishing.
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. INTRODUCTION

Many biological and industrial microscale processes
occur in geometric confinement, which is known to strongly
affect the diffusional dynamics in a viscous fluid."> Hydro-
dynamic interactions with boundaries play a key role in such
systems by determining their transport properties.>~’ Tubular
confinement is of particular interest since flow in living organ-
isms often involves channel-like structures, such as arteries in
the cardiovascular system.® A common feature of these com-
plex networks of channels is the elasticity of their building
material. Arteries and capillaries of the blood system involve
a large number of collagen and elastin filaments, which gives
them the ability to stretch in response to changing pressure.”!?
Elastic deformation has been further utilized to control and
direct fluid flow within flexible microfluidic devices.''~!3

The motion of a small sphere in a viscous fluid filling a
rigid cylinder is a well studied problem. A review of most ana-
lytical developments can be found in the classic book of Happel
and Brenner.'* In particular, axial motion has been stud-
ied using the method of reflections by Faxén,'>'¢ Wakiya,'’
Bohlin,!® and Zimmerman,'® to name a few, expressing the
mobility in a power series of the ratio of particle to cylinder
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diameter. These studies have been extended to finite-sized
spheres,”?! pair interactions,”>?* and recently to non-
spherical particles.> For an arbitrarily positioned particle, and
in the presence of an external Poiseuille flow, the procedure
has been generalized to yield expressions in terms of the par-
ticle and channel radius, and the eccentricity of the position
of the particle, as derived, e.g., in the studies of Happel and
collaborators?6-2? and Liron and Shahar.?° The slow motion of
two spherical particles symmetrically placed about the axis of a
cylinder in a direction perpendicular to their line of centers has
later been studied by Greenstein and Happel.?! Experimental
verification of these results has been performed, e.g., by the
use of laser interferometry by Lecoq et al.>* or by using digi-
tal video microscopy measurements by Cui ez al.>> Theoretical
developments have been supplemented by numerical computa-
tions of the resistance functions for spheres, bubbles, and drops
in cylindrical tubes.?3-3® Other studies include motion perpen-
dicular to the axis,* finite length of the tube,*’ and the flow
around a line of equispaced spheres moving at a prescribed
velocity along the axis of a circular tube.*! Transient effects
have also been taken into account in the studies of Felderhof,
both in the case of an incompressible*> and a compressible
fluid. $

For elastic cylinders, most previous work has focused
on the flow itself which is driven through a deformable
elastic channel*®*” where various physiological phenomena
related to the cardiovascular and respiratory systems have
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been observed, including the generation of instabilities,*®
small-amplitude wave propagation,**-? hysteresis behavior of
arterial walls,”! peristaltic pumping,>> and anomalous bubble
propagation.’®>* Further work has been devoted to investigate
the influence of elastic tube deformation on the flow behavior
of a shear-thinning fluid,>>” the steady flow in thick-walled
flexible elastic tubes,®° or the tensile instability under an
axial 10ad.®%%! Moreover, the lateral mobility of membrane
inclusions in a cylindrical biological membrane has been stud-
ied using computer simulations.>% Regarding particles in
elastic tubes, some studies®*%> considered a closely fitting par-
ticle in an elastic cylinder which in some sense represents the
opposite limit of the present problem.

The translational mobility of a particle inside an elastic
cylinder has not been studied so far (rotational mobility has
recently been investigated in our related work®®). Motivated
by this knowledge gap, we turn our attention to the problem
of hydrodynamic mobility of a small spherical particle slowly
moving in a viscous fluid filling a circular cylindrical elastic
tube. In many situations such as blood flow through small capil-
laries, the Reynolds number is typically very small allowing us
to adopt the framework of creeping (Stokes) flow.%” It is known
from previous studies on systems bounded by elastic surfaces®
that their deformations introduce memory into the system,
which may lead to transient anomalous subdiffusion®®’% or
a change of sign of pair hydrodynamic interactions.”! Here
we determine an analytical expression for Green’s function
in a cylindrical membrane of given elastic shear modulus
and bending rigidity filled with and surrounded by a New-
tonian fluid as the fundamental solution governing Stokes
flow in that particular geometry. From this, we compute the
frequency-dependent mobility of a small massless point par-
ticle inside the cylinder. The solution is obtained by directly
solving the Stokes equations in cylindrical geometry by the use
of Fourier-Bessel expansion to represent the fluid velocity and
pressure.

The remainder of this paper is organized as follows. In
Sec. II, we formulate the problem of axial and radial motions
of a small colloid inside an elastic tube in terms of the Stokes
equations supplemented by appropriate boundary conditions.
We then present the method of solving these equations and use
the obtained results in Sec. III to derive explicit expressions
for the frequency-dependent self- and pair mobility functions
for colloids moving along or perpendicular to the center-
line of the tube. Further, we calculate the deformation of the
membrane for a given actuation. In Sec. IV, we compare our
theoretical developments to boundary integral numerical sim-
ulations for a chosen set of parameters for particles moving
under a harmonic or a steady constant external force. We
conclude this paper in Sec. V and relegate technical details
to the appendices. In Appendix A, we derive in cylindrical
coordinates the traction jumps across a membrane endowed
with shear and bending resistances, which serve as bound-
ary conditions for the calculation of the relevant Stokes flow.
Appendices B and C provide explicit analytical solutions for
axial and radial motions, respectively, for the two limiting
cases of a membrane resistant either only to shear or only
to bending. The solution combining the two can be derived in
the same way.
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Il. THEORETICAL DESCRIPTION

We consider a small spherical particle of radius a fully
immersed in a Newtonian fluid and moving on the axis of a
cylindrical elastic tube of initial (undeformed) radius R > a.
The tube membrane exhibits a resistance against shear and
bending. We choose the cylindrical coordinate system (r, ¢, z)
where the z coordinate is directed along the cylinder axis with
the origin located at the center of the particle (see Fig. 1 for
an illustration of the system setup). The regions inside and
outside the cylinder are labeled 1 and 2, respectively.

We proceed by computing Green’s functions which are
solutions of the Stokes equations

nV2v, —Vp + F(1)6(r) = 0, (1a)
V.v; =0, (1b)
inside the tube (for » < R) and
nV?0; - Vpy =0, (2a)
V-0, =0, (2b)

outside the tube (for » > R). Here n denotes the fluid shear
viscosity, assumed to be the same everywhere. F(¢) is an arbi-
trary time-dependent point-force acting at the particle position.
The Reynolds number Re = pVa/n and the Strouhal number
St =wa/V are defined via the velocity amplitude of the oscil-
lating particle V with w being the corresponding oscillation
frequency. In the linear response regime, the latter is a small
quantity, thus making Re and St also small quantities such that
the non-linear and the time-dependent terms of the Navier-
Stokes equations can safely be neglected and the use of the
steady Stokes equations is justified.

We therefore need to solve Egs. (1) and (2) subject to the
regularity conditions

|v1| < oo for |r| =0, 3)
v; — 0 forz — oo, )
vy — 0 for |r| — oo, 5)

together with the boundary conditions imposed at the surface
r = R by assuming small deformations, namely, the natural
continuity of fluid velocity,

[vi]=0, (6)
[vs] =0, (7
[v.] =0, )

7
Y

FIG. 1. Tllustration of the system setup. A small spherical solid particle of
radius a located at the origin moving on the centerline of a deformable elastic
tube of radius R.
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and the traction jumps stemming from membrane elastic
deformation,

[o]=Af>, ©)
[7or] = A%, (10)
(o] = AfS + AfE, (11)

where the notation [w] := w(r = R*) — w(r = R") stands for the
jump of a given quantity w across the cylindrical elastic mem-
brane. These linearized traction jumps can be decomposed into
two contributions due to shear (superscript S) and bending
(superscript B). The membrane is modeled by combining the
neo-Hookean model for shear’>"”> and the Helfrich model’®"’
for bending of its surface. As derived in Appendix A, the
linearized traction jumps due to shear are written as

Ks 3uz,¢z

4(u,p +u )
S _ ¢ .09
Af¢ = —? (l/tqyyzz + R + R2 ) s (123)
Ks 2uy; + 3uy, u,
AfS =% (4uw+ e 0t ;ﬁ¢), (12b)
2ks (2(u, +upp) u
s _ <Ks r .0 2,2
M=% (T * 7)’ (120

where kg is the surface shear modulus (expressed in N/m).
Here u(¢, z) = u (¢, 2)e, + ug(p, 2)ey + u (¢, z)e; is the
membrane deformation field. The comma in indices denotes a
partial spatial derivative.

For bending, only a normal traction jump appears as

AfrB = KB (R3“r,zzzz + 2R(Uy 2 + Uy z299)

+ ur + 2ur,¢¢ +Ur pppd )’ (13)
R

where «p is the bending modulus (expressed in Nm). Note

that Helfrich bending does not introduce a discontinuity in the

tangential traction jumps.”’

The effect of these two elastic modes, given the charac-
teristic frequency of actuation w, is determined by two dimen-
sionless quantities, the shear coefficient @ and the bending
coefficient ap, defined as

2 1 1/3
o= ap=— (2] . 14
3nRw R \nw

Note that this definition is slightly different than that in our
earlier work.®
In cylindrical coordinates, the components of the fluid

stress tensor are expressed in the usual way as’®
Vo + Vi
Tor =0 \Vor = —— )

Oz =1y, + Vr,z)»
Op ==p+2nV,.
A directrelationship between velocity and displacement at
the undisplaced membrane r = R can be obtained from the no-

slip boundary condition, v = d,u. Transforming to the temporal
Fourier space, we have’”®

Va/(r, ¢, Z)
iw r=R

Ug($,2) = , a e {r,¢,z}. (15)

It is worth mentioning that when the finite amplitude of
deformation is important, it becomes necessary to apply the
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boundary conditions at the deformed membrane rather than at
undisplaced membrane.3-%3

We then solve the equations of motion by expanding
them in the form of Fourier integrals in two distinct regions
(inside and outside the cylindrical membrane). The solution
can be written in terms of integrals of harmonic functions
with unknown coefficients, which we then determine from the
boundary conditions of (a) continuity of radial, azimuthal, and
axial velocities and (b) surface traction jumps derived from
the elastic properties of the membrane. We present the full
analytic solutions for two limiting models of the membrane
susceptible only to shear or bending deformations.

We begin by expressing the solution of Egs. (1) inside
the cylinder as a sum of a point-force flow field and the flow
reflected from the interface, 3483

v =05 + v,

S *
pr=p +p,
where vS and pS are the Stokeslet solutions in an infinite

(unbounded) medium and v* and p* are the solutions of the
homogenous (force-free) Stokes equations,

nV2v* - Vp* =0,
V.-v* =0,

(16a)
(16b)

required such that the full flow field satisfies the regularity
and boundary conditions. In the following, we shall consider
the cases of particle motion parallel or perpendicular to the
cylinder centerline separately. We note that the particle mobil-
ity for motion in an arbitrary direction cannot be obtained
exactly by a simple weighted superposition of these two fun-
damental mobilities. This is due to the elastic nature of the
boundary and in contrast to a hard cylinder. By comparing with
boundary-integral simulations further below, we show how-
ever that superposition does yield a pretty good approximation
and therefore seems to be a reasonable approach.

A. Axial motion

The Stokeslet solution for a point-force located at the
origin and directed along the cylinder axis reads'*

s F.z  F (1 zz)’ r

- it

W= = _Ez
" 8mnd¥ Y 8mp

Ty

where d := Vr? + 72 is the distance from the singularity posi-
tion. We now rewrite the Stokeslet solution in the form of a
Fourier integral expansion noting that

rz 0z 1 22 2 4z
o Z2Z 0 L ELZ_ 2L 17
B ard 4 dd ozd an
and making use of the integral relations>’-3
1 2 [
- = —/ Ko(gr) cos gz dq, (18a)
d T Jo
z 2 [ .
—=—r Ki(gr)singzdgq, (18b)
d v/ 0

wherein K, is the ath order modified Bessel function of the
second kind.}” We thus express the axisymmetric Stokeslet
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solution in the integral form with the wavenumber ¢ as

F 00
vi(r.2) = — / rgKo(gr) sin gz dgq, (19a)
4 Jo
S FZ *
vy (r,z) = ) <2K0(qr) - qul(qr)) cosqzdg, (19b)
7T=n Jo
S FZ * .
p°(r,2)= 5= / qKo(gr) sin gz dg, (19¢)
2w 0

using the relation 0K |(gr)/dr = —qKo(qr) — K (qr)/r.

The reflected flow can also be represented in a sim-
ilar way by noting that the homogenous Stokes equa-
tions (16) for axisymmetric motion have a general solution
expressed in terms of two harmonic functions ¥ and @)
as'* (p. 77)

Vt = \P”,r +r (D”,rr’ (203)
VZ = l}'”,z + rCD”’rz + (D”,Z’ (20b)
p* = _2’7] (D”,zz' (20C)

The two functions ¥ and @ are solutions to the axisymmetric
Laplace equation, which can be written in an integral form as

F, 0 .

@) = m/o ©1(@)f1(gr) sin(gz) dq, (21a)
F. 0 .

P = e / 1@ singz)dg,  (21b)
4n*n Jo

where ¢ and || are to be determined from the boundary
conditions. At this point, the arbitrary prefactor outside the
integral is chosen such that the resulting velocity and pres-
sure fields will in the end have a similar representation as the
Stokeslet solution given by Eq. (19). For ¥|| and @ to be
solutions to the axisymmetric Laplace equation, the function
fii has to satisfy the zeroth-order modified Bessel equation.®’
Since the image solution inside the cylinder has to be reg-
ular at the origin owing to Eq. (3), we take f| = I in the
inner solution. Combining Egs. (20) and (21), the solution of
Eq. (16) reads

/0 q((rglo(qr) - i (qr)) ¢} (q)

N F
Vr(}", Z) = 47T§T]

+Li(grvj(@)) sin gz dg, (222)

F, [ )
prcye /0 q((ral1(qr) + Io(qr) ¢} (q)

+Io(gr;(9)) cos gz dg,

vi(r,2) =
(22b)

pi(ro) = / 4*¢}(@lo(gr) sin gzdg. (22¢)
0

272

Thus Green’s function inside the elastic cylindrical chan-
nel for the axial point-force is given explicitly by summing up
the Stokeslet contribution (19) and the reflected flow (22).

The outer solution for the force-free Stokes equations (2)
has an analogous structure with the only difference that the
flow has to decay at infinity by virtue of Eq. (5), and we
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F, [
var(r,2) = —— [ q((rgKo(gr) + Ki(gr) 2 (q)
4rn Jo

— Ki(qrwa (@) sin gz dg, (23a)

Vo (r,2) =

F. [®
e /0 q((Ko(gr) - rqKy(gr)) g2 (q)
+ Ko(qr)ya (q)) cos gz dg, (23b)

F. [® .
pz(r,z)=2—7:2 / q*¢2(9)Ko(gr) sin gz dq, (23¢)
0

after making use of the relations dly(gr)/0r = ql(qr),
0l,(qr)/dr=qlo(qr) —1,(qr)/r,and 8K o(qr)/0r =—qK(gr).
The unknown functions ¢, ¢, ¢2y, and ¢y remain to
be determined from the boundary conditions of continuous
velocity and prescribed traction jumps at the membrane.

The continuity of radial and axial velocity components
across the membrane expressed by Egs. (6) and (8) leads to
the expression of the functions > and ¢, | in terms of 4//"] and
<p’|‘| as

Gy +(1+s)Si¢) R
+—, (24a)
D|| S

Sy + Gy, .\ 5’ 24)
D s
where s := gR is a dimensionless wavenumber and

S = Kily + Kol

G| = (sKi — Ko)I1 + (sKo + K1) o,

Dy = sK} - sK} +2KoK;.

2 =

w2 =

The modified Bessel functions have the argument s which is
dropped for brevity.

The form of l/’ﬁ and <p"“ may be determined given the con-
stitutive model of the membrane. In Appendix B, we provide
explicit analytical expressions for zpﬁ and <p’|‘| by independently
considering a shear-only or a bending-only membrane. An
analogous resolution procedure can be employed by simul-
taneously considering shear and bending resistances.

For future reference, we shall express the solution near a
membrane with both shear rigidity and bending rigidity as

z,b*:Rﬂ go*:Rﬂ. (25)
I N ’ I N
We note that the steady solution near a hard cylinder as first
computed by Liron and Shahar®° stated by Eq. (B4) is recov-
ered in the vanishing frequency limit. In the following, the
solution for a point-force acting perpendicular to the cylinder
axis will be derived.

B. Radial motion

Without loss of generality, we shall consider that the point
forceis located at the origin and that its motion is directed along
the x direction in Cartesian coordinates. The induced velocity
field reads'*

s Fo (1 x? F, xy s Fuoxz
vy = —+=], w= =, = =,
8rn \d d3 Y 8 d3 8nn d3
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and the pressure reads

s Frx

P

Setting x = rcos ¢ and y = rsin ¢, the radial and tangential
velocities read

S Fy sin¢
vy =— .
¢ 8mn d
By making use of Egs. (17) and (18), the Stokeslet solution
can thus be written in the form of a Fourier-Bessel integral
expansion as

F 00
v (r,¢,2) = y) 5= cos ¢ / (Ko(gr) + qrKi(gr)) cos gz dgq,
Tn 0
(26a)
s Fe *
v¢(r, $,7) = — 5 sing / Ko(gr) cos gz dg, (26b)
4men 0
S Fx 0 .
v2(r,¢,2) = —— cos¢ / qrKo(gr) sin gz dg, (26c)
4r°n 0
S Fy *
p(r,¢,2) = 575 cos¢ | - gKi(gr)cos gz dg. (26d)
0

Similarly, the reflected flow can also be represented by
noting that the force-free Stokes equations (16) have a general
solution expressed in terms of three harmonic functions ¥,
®,,and T, as' (p. 77)

r
Vi —2 4D, (27a)
r
« l{ll, q)L,
V=T, - — L4, (2T)
V: = "PJ_’Z+}’(DJ_JZ+CDJ_,Z, (270)
=D, . 27d)

The functions ¥, , @, , and I'; are solutions to the asym-
metric Laplace equation, which can be written in an integral
form as

F, o0

@, = An2 cos ¢ / 01(q)fL(qr)cos(gz)dq, (28a)
nen 0

Yi=7 7 C0s$ / Y1(q)fi(gr)cos(qz)dg,  (28b)
nen 0
Fe o *°

I, = o2 Sind / y1(q)f1(gr)cos(qz) dg, (28¢)
nen 0

where ¢, ¥, and y, are wavenumber-dependent quantities
to be determined from the prescribed boundary conditions at
the membrane.

For ¥,, ®,, and I'; to be solutions to the Laplace equa-
tion, the function f, should be a solution to the first-order
modified Bessel equation.®” In order to satisfy the regularity
of the image solution inside the elastic cylinder as stated by
Eq. (3), we take fi = I in the inner solution. Upon combin-
ing Egs. (27) and (28), the solution of Eq. (16) for a radial
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Stokeslet reads

F, °°
yom . /0 ((@+@rnian - artotar)

x ¢ (q) + (qrly(gr) = Ii(gr) ¥ (q)

v(r, ¢,2) =

+ Ii(gr) Vi(q)) cos gz dg, (29a)

Fy si ® )

09 = o [ (Grian - 20 1@

+1(gr) ¥’ (@) + (grlo(gr) — 1i(gr))

X ¥1(q)) cos gz dq, (29b)

Fx 0 * *

Vi ,2) = - 4;‘2’;¢ 4(arlo(ar) @) + Lign ¥ (@)

X sin gz dg, (290)

. Fycos¢p [T , .

p(r¢,2)=—3 q°11(gr) ¢1(g)cos gzdg. (29d)

The outer solution for the force-free Stokes equations (2)
has to decay at infinity owing to Eq. (5), suggesting to take f|
= K leading to

Fy 0
va,(r, ¢,2) = o co; 4 /0 (((2 + ¢ K (gr) + quo(qr))
X ¢2,(q) — (qrKo(gr) + Ki(gr)) ¥2,(q)
+ Ki(gr) ygl(q)) cosgzdg, (30a)
Fy si 0
009 = 752 [ (arkotan + 261 @) 2, @)
— Ki(gr) 2, (@) + (grKo(gr) + Ki(gr) y2,(q))
X cos gz dq, (30b)
F, o0
vau(r ) = 4;‘2’;¢ [ atarkiar e2.@ - Kitarvn, @)
X sin gz dg, (30c)
F, o0
pa(r, 9,2) = 2C7(r)28 ¢ @*K1(gr) g2, (g) cos gz dgq.
(30d)

The six unknown functions can thus be determined from
the imposed boundary conditions, namely, the continuity of
fluid velocity and the traction jumps across the membrane.

The continuity of the velocity field expressed by Egs. (6)
—(8) leads to the expression of the unknown functions ¢,
Y21, and y,, outside the cylinder in terms of ¢’ , 7, and y|
inside the cylinder as

1
o2, b ~ @D
s ((2 + 59Ky + sKl) G| +S.¥7 +sKoG Ly}
Yo, = D >
1
(32)
(.- Gu(sKo+@+sHK1)) i
2 =
Y21 D,
25KoG, " —2K1G y* 2R
e 1 L'ﬁL__’ (33)
D, )
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where we have defined
S, = —sKoK, (slo +(2+ s2)11) e (slng +1 Kf),
G, = —s (oK + 1,Kp),
D, = s(s°K; + sK3K1 — sK; — (2 + s)KoK?}).

In Appendix C, we explicitly provide the expressions of
¥, ¢, andy] by independently considering membranes with
pure shear or pure bending.

For future reference, we shall express the solution for a
membrane endowed with both shear and bending as
M L * LJ_ * KJ_

) ‘PJ_—RNL’ YJ'_RNL' (34)

We note here that for cylindrical membranes, shear and
bending contributions do not add up linearly in the solution
of the flow field, i.e., in a similar way as previously observed
between two parallel planar elastic membranes’ or a spherical
membrane®®8° and in contrast to the case of a single planar
membrane.®

lll. PARTICLE MOBILITY AND MEMBRANE
DEFORMATION

The exact results obtained in Sec. II allow for the anal-
ysis of the effect of the membrane on the axial and radial
motions of a colloidal particle, particularly for the calculation
of leading-order self- and pair mobility functions” relevant to
the transport of suspensions in a cylindrical channel. A more
accurate description would be achievable by considering a
distribution of point forces over the particle surface. Our sim-
pler approximation nevertheless leads to good agreement with
numerical simulations performed with truly extended particles
as will be shown below.

A. Axial mobility

We first compute the particle self-mobility correction due
to the presence of the membrane for the axisymmetric motion
parallel to the cylinder axis. At leading order, the self-mobility
correction is calculated by evaluating the axial velocity com-
ponent of the reflected flow field at the Stokeslet position such
that

Ayﬁ = F'limv?, (35)
r—0

where S appearing as the superscript refers to “self.” By
making use of Eq. (22b), the latter equation can be written
as

1 {Se]
S _ * *
A,uH = m/() Q(w” +‘P||) dg. (36)

Inserting t,l/ﬁ and ga”l‘l from (25), the scaled self-mobility
correction reads

A“u / My +Ly LH 37)
Ho 27‘1’ R

where ug = 1/(6zna) is the usual bulk moblhty given by the
Stokes law. Notably, the correction vanishes for a very wide
channel as R — oo.

Considering a membrane with both shear and bending
resistances, and by taking « to infinity, we recover the mobility
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correction near a hard cylinder with stick boundary conditions,
namely,

T owy

ds =~ =2. 10444 (38)
27 R Jo W)
where numerical integration has been performed to obtain the
latter estimate, which is in agreement with the result known in
the literature.!*10-18 Moreover,

w| = (IhK; +11KQ)S2 —2(IpKy + 11 Ky)s + 411 Ky,
W = s(I? = I3) + 2101,
The same result is obtained when considering a membrane
with only shear rigidity.
Itis worth noting that a bending-only membrane produces

adifferent correction to particle self-mobility when ap is taken
to infinity, namely,

Ay 3a [Cw
lim — B __ 24 [ WIB 4o 180414 —, (39
ag—o [l 27 R 0 W”B
where
W”B = SKza

W”B = s(l1Ko — oK) + 211 K;.

Clearly, Eq. (39) does not coincide with the hard cylinder limit
predicted by Eq. (38). The reason is the same as discussed
below Eq. (C6c), namely, that bending only restricts normal
but not tangential motion.

We now turn our attention to hydrodynamic interactions
between two particles positioned on the centerline of an elastic
cylinder, with the second particle of the same radius a placed
along the cylinder axis at z = h. For future reference, we shall
denote by 7y the particle located at the origin and by A the par-
ticle at z = h. The leading order particle pair mobility parallel
to the line of centers is readily obtained from the fotal flow
field evaluated at the position of the second particle,

= F;! lim vy, (40)
—ra

where P appearing as the superscript stands for “pair.” The
latter equation can be written in a scaled form as

/J}ﬁ 3a M H + L d 41

% 3% 27rR/ COS(O'S)S S, 41)
where o := h/R. Note that i > 2a as overlap between the two
particles should be avoided. The first term in Eq. (41) is the
leading-order bulk contribution to the pair mobility obtained
from the Stokeslet solution,”' 3 whereas the second term is the
frequency-dependent correction to the particle pair mobility
due to the presence of the elastic membrane.

Similarly, for an infinite membrane shear modulus, the

pair mobility near a hard cylinder limit is obtained as

/J“ 3a

lim —==---—— d 42
an‘L’#o 2h 27rR/ W”COS(O's) s. 42)

Interestingly, the latter result can also be expressed in

terms of convergent infinite series as*>%*

M 33 . o
lim — = - E (an cos(B,0) + by sin(By0))e "7,  (43)
a—co [l 4 p—
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where u, = a, + i3, are the complex roots of the equa-
tion u(J2(up) + J3(un)) = 2Jo(un)J1 (un). Moreover, a, + ib,
= 2(7((2«]1 () Yo(un) — un(Jo(un)Yo(un) + J1(un)Y1(up)))
- un)/J Z(uy), where J o and Y, are the ath order Bessel func-
tions of the first and second kind, respectively. Although being
different in form, our expressions (42) and (43) give identical
numerical values. The pair mobility therefore has a sharp expo-
nential decay as the interparticle distance becomes larger. For
o > 1, the series in Eq. (43) can conveniently be truncated at
the first term to give the estimate

P
lim al ~ E(al cos(B10) + by sin(B10))e”™ ™7,  (44)
a—eo g 4

where @ ~ 4.46630, B; =~ 1.46747, a; =~ —0.03698, and

by ~ 13.80821. We further mention that the pair mobility

function inside a hard cylinder undergoes a sign reversal for

o 2 2.142 06 before it vanishes as o goes to infinity.??

B. Radial mobility

We now compute the particle self-mobility correction
caused by the presence of the membrane for the asymmetric
motion perpendicular to the cylinder axis. At leading order in
the ratio a/R, the mobility corrections are calculated by eval-
uating the reflected fluid velocity at the point-force position.
Accordingly,

S _ —17: % __ -1 1: *
Apl =F; }1_1)1(1)vr =F, 11_1,%%’ (45)
where F', = F cos ¢ and F 4 =—F, sin ¢. Upon using Eq. (29a),

we readily obtain

L P
1= 55 / gyl +y1)dg. (46)
T Jo

Inserting ¢ and y7 from the general form given by (34), and
scaling by the bulk mobility yg, we get

A M, +K
mo_3 / Pt cds, 47)
Ho 4n R

Similar, by taking @ to infinity, we recover the mobility
correction near a no-slip cylinder, namely,

A S 3 00
lim =KL = f —ds~—180436— (48)
ee o 4R J, W,

39,44

in full agreement with previous studies, where we have

defined
wy = Io(IoK; + [, Ko)s® + ((213 - 31%)Ko - Il Kl) 52
— 211 (IoKo + 11 K1)s — 4Kol7,
W = Io(I3 = ID)s* + L (I} = IZ)s = 2001}
The same steady mobility is obtained when the membrane is
endowed with pure shear.
It is worth noting that for a bending-only membrane, how-

ever, the particle self-mobility in the limit when ap is taken to
infinity reads

) Aﬂig 3a [ wyp
lim = ——ds
ag—o0 [l 471' R WJ_B

a
~ —1.55060 —, 49
7 @
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where we defined
w.ip = s2(sK) + Ko)?,
Wop =5 ((* +3)Ky +25Ko ) Io = (s> + 3)(sKo + 2K DI}

Further the particle pair mobility function is determined
by evaluating the total velocity field at the nearby particle
position leading to
lim vy 4. (50)

r-ry

P -1
=F " lim vy, = F
Ko r rory Ir
Equation (50) can be written in a scaled form as

P
3 M, +K
B 24, /ﬁcos(m)sds 51)

Mo 4hn 47rR

Similarly, for an infinite membrane shear modulus, we recover
the pair mobility near a hard cylinder,

P 0
.M, 3a 3a/ wi
lim —=--- —— — ds. 52
a/lI)lgo Mo 4h 47TR 0 WJ_ COS(O-S) s ( )

C. Startup motion

Here we will derive the mobility coefficients for a particle
starting from rest and then moving under a constant exter-
nal force (e.g., gravity) exerted along or perpendicular to the
cylinder axis. Mathematically, such force can be described by
a Heaviside step function force F(r) = A6(t) whose Fourier
transform in the frequency domain reads®>

F(w) = (ﬂé(a)) - é)A (53)

Applying back Fourier transform, the time-dependent correc-
tion to the particle mobility for a startup motion reads

Ap©) | 1 /+°° Au(w)
2 2ir w

The second term in Eq. (54) is areal-valued quantity which
takes values between —Au(0)/2 when ¢ — 0 and +Au(0)/2
as t — oo. Since the frequency-dependent mobility correc-
tions are expressed as a Fourier-Bessel integral over the scaled
wavenumber s, the computation of the time-dependent mobil-
ity requires a double integration procedure. For this purpose,
we use the Cuba Divonne algorithm®®°7 for an accurate and
fast numerical computation.

Au(r) = &dw.  (54)

D. Membrane deformation

Finally, our results can be used to compute the membrane
deformation resulting from a time-dependent point-force act-
ing along or perpendicular to the cylinder axis. The membrane
displacement field is readily obtained from the velocity at
r = R via the no-slip boundary condition stated by Eq. (15).
We define the membrane frequency-dependent reaction tensor
(again in an approximate sense if the direction is not perfectly
radial or axial) as”®

M(t(¢7 Z,w) = Raﬁ(¢a <5 (’-))F,B(w)s (55)

bridging between the membrane displacement field and the
force acting on the nearby particle. Restricting to a harmonic
driving force Fo(f) = Aqe'@? the membrane deformation in
the temporal domain is calculated as

Uo($,2,1) = Rap($, 2, wo)Age'™". (56)
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Further, the physical displacement is obtained by taking the
real part of the latter equation. The radial-axial and axial-axial

components of the reaction tensor are then computed from
Eq. (23) as

00 . (82

Ry = A/ s((5Ko + K1)y = Ky ) sin () s
0
- 52

R = A/ s((Ko = K1) oy + Kogray ) cos (E) &
0

with A := 1/(4ir*nwR?), which give access to the radial and
axial displacements after making use of Eq. (55). Moreover,
Ry = 0 due to axial symmetry.

For a point force directed perpendicular to the cylinder
axis, the components of the reaction tensor can readily be
computed from Egs. (30) to obtain

R, = A/ (((2 + 51Ky +5Ko) @2, — (sKo + K1),
0
sz
+ K ) (—) ds,
1Y2, ] €OS R S
Ryg = —1\/ ((sKo +2K1) 2, — Kiypo, + (sKo + K1) y2,)
0
X COS (%Z) ds,
0 .5z
R, = A / s (sKowa, — Kia, ) sin (E) ds. (57)
0
Additionally, we have R,4 = Ry, =R, = 0.

IV. COMPARISON WITH BOUNDARY INTEGRAL
SIMULATIONS

The accuracy of the point-particle approximation
employed throughout this work can be assessed by direct
comparison with fully resolved numerical simulations. To this
end, we employ a completed double layer boundary integral
method”®~192 which has proven to be perfectly suited for simu-
lating solid particles in the presence of deforming boundaries.
Technical details concerning the algorithm and its numerical
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implementation have been reported by some of us elsewhere,
e.g., 70 and 103. The cylindrical membrane has a length of
200a, meshed uniformly with 6550 triangles, and the spherical
particle is meshed with 320 triangles obtained by consecu-
tively refining an icosahedron. We show in the supplementary
material that using finer or coarser meshes does not influence
the results significantly.

In order to determine the particle self- and pair mobilities
numerically, a harmonic force F,(f) = Ay, e"?" of amplitude
A o and frequency wy is applied along the direction « at the
surface of the particle labeled A. The force is directed along the
cylinder (z direction), perpendicular to the axis (x direction),
or at angle 6 to the axis. After a brief transient evolution, both
particles oscillate at the same frequency with different phases,
i.e., Vag = B1a€™00 and Vyq = Byae™™*9r . For the accu-
rate determination of the velocity amplitudes and phase shifts,
we use a nonlinear least-squares algorithm'%* based on the
trust region method.'% The particle self- and pair mobility
functions can therefore be computed as

Bia B,, .

‘We now define the characteristic frequency for shear, S :=
1/a =3nwR/(2ks), and for bending, Bp = 1/a]33 = 77a)R3/KB.
We also introduce the membrane-reduced bending modulus as
Eg = «/(ksR?) quantifying the nonlinear coupling between
shear and bending.!%®

In Fig. 2(a), we show the correction to particle self-
mobility versus the scaled frequency S as predicted theoret-
ically by Eq. (37). The particle is set on the centerline of an
elastic cylinder of radius R = 4a. For the simulation parame-
ters, we take a reduced bending Eg = 1/6 for which 8 and Bg
have about the same magnitude, and thus shear and bending
manifest themselves equally. We observe that the real part is a
monotonically increasing function of frequency, whereas the
imaginary part exhibits a bell shape. This form corresponds to
the Debye shape often observed for complex linear response
functions in systems with memory (the mathematical form
in the present system is however much more complex than a

FIG. 2. (a) The axial component of the scaled frequency-dependent self-mobility correction versus the scaled frequency 8 = 1/a nearby a cylindrical membrane
endowed with only-shear (green or bright gray in a black and white printout), only-bending (red or dark gray in a black and white printout), and both rigidities
(black). The particle is set on the centerline of an elastic cylinder of radius R = 4a. Here we take a reduced bending modulus Eg = 1/6. The theoretical predictions
are presented as dashed and solid lines for the real and imaginary parts, respectively. Boundary integral results are shown as squares for the real part and circles
for the imaginary part. The horizontal dashed lines are the vanishing frequency limits given by Eqs. (38) and (39). (b) The parallel component of the scaled
frequency-dependent pair mobility correction versus the scaled frequency 3. The two particles are set a distance & = R apart on the centerline of an elastic

cylinder of radius R = 4a.
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FIG. 3. The radial component of
the scaled frequency-dependent self-
(a) and pair (b) mobility corrections
versus the scaled frequency . The
color code is the same as in Fig. 2.

102

simple Debye equation). For small forcing frequencies, the
real part of the mobility correction approaches that near a
no-slip hard cylinder only if the membrane possesses resis-
tance against shear. For large forcing frequencies, both the
real and imaginary parts vanish, which corresponds to the bulk
behavior. It can clearly be seen that the mobility correction is
primarily determined by shear resistance and bending does
not play a significant role, similar to what has been recently
observed for spherical elastic membranes.?®%° Good quanti-
tative agreement is obtained between analytical predictions
and numerical simulations over the whole range of applied
frequencies.

Analogous predictions for the pair mobility versus the
scaled frequency S are shown in Fig. 2(b). The two particles
are set adistance & = R apart along the axis of an elastic cylinder
of radius R = 4a. The overall shapes resemble those observed
for the self-mobility, where again the effect of shear is more
pronounced. However, it can be seen that the real part for a
bending-only membrane may undergo a change of sign at some
intermediate frequencies in the same way as observed nearby
planar membranes.”! Interestingly, we find that the correction
to the pair mobility induced by the elastic membrane is almost
as large as the bulk pair mobility itself.

The frequency-dependent self- and pair mobility correc-
tions for the motion perpendicular to the cylinder axis are
shown in Fig. 3. We observe that the total mobility correc-
tions are primarily determined by membrane shear resistance
as it has been observed for the axial motion along the cylinder
axis. This is somewhat surprising as for radial motion the par-
ticle “pushes” against the membrane, and one may thus expect
bending resistance to be more important than shear resistance.

102

Indeed, for planar membranes,® this is the case. The surpris-
ingly strong influence of shear resistance in the present system
can thus be attributed to the cylindrical geometry. Notably,
the correction near a rigid cylinder is recovered only if the
membrane possesses a finite resistance towards shear.

Next, we address the general motion problem by con-
sidering an oblique force F acting at an angle 6 relative
to the cylinder axis. For a hard cylinder, this problem can
straightforwardly be solved by decomposing the force into
axial and radial components and linearly superposing axial
and radial mobilities with the same relative weights. Due to
the nature of the boundary conditions, for a deformable elas-
tic boundary as in the present problem, this procedure is not
strictly possible (the weighted linear sum of the axial and
radial flow fields cannot be shown to satisfy the boundary
conditions for oblique motion). Nevertheless, we will show
by comparing with boundary-integral simulations below that
this simple approach allows a surprisingly good approxima-
tion. We thus decompose the force into an axial component
F,=F cos 6 along the cylinder axis together with a radial com-
ponent F, = Fsin 8. The particle velocity along the oblique
direction is V = V,cos6 + V,sin6 with V, = ﬂﬁF cos 6

and V, = uSFsinf. Accordingly, the particle self- and
pair-mobility functions along the oblique direction can be
estimated as

w>r (59)

In Fig. 4, we present the mobility corrections versus S due to
an oblique force acting at an angle 6 = /4 with respect to the
cylinder axis with ¢ = 0. In this particular situation, the particle
mobility is the arithmetic mean of the mobilities parallel and

= pi’P cos? 6 + ,ui’P sin” 6.

a) 0.2

FIG. 4. The scaled frequency-
dependent self- (a) and pair (b) mobility
corrections versus the scaled frequency
B for a force acting at an angle 6 = /4
with respect to the cylinder axis. The
color code is the same as in Fig. 2.

10%
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FIG. 5. Translational velocity of a particle starting from rest for (a) axial and (b) radial motions under the action of a constant external force, obtained using the
same parameters as in Fig. 2 for a membrane with pure shear (green or bright gray in a black and white printout), pure bending (red or dark gray in a black and
white printout), and both rigidities (black). Solid lines are the analytical predictions obtained from Eq. (54), and symbols are the boundary integral simulations.
Horizontal dashed lines are our theoretical predictions in the steady limit based on the point-particle approximation, and the blue dotted lines are the higher order
corrections given by Egs. (60) and (61) for the axial and radial motions, respectively. Here 7 is a characteristic time scale defined as 7 := 8/w.

perpendicular to the cylinder axis. We observe that the ana-
lytical predictions compare favourably with boundary integral
simulations, where again the particle mobility is primly deter-
mined by membrane shearing resistance. Consequently, the
present theory gives a good approximation of the mobilities
associated with a general motion containing both radial and
axial directions.

InFig. 5, we show the time-dependent translational veloc-
ity of a particle starting from rest and subsequently moving
under the action of a constant axial or radial force nearby
a cylindrical membrane endowed with shear-only (green),
bending-only (red), or both shear and bending resistances
(black). The time is scaled by the characteristic time scale for
shear 7 := B/w = 3nR/(2ks). At short time scales, we observe
that the mobility correction amounts to a small value since
the particle does not yet feel the presence of the elastic mem-
brane. As the time increases, the membrane effect becomes
more noticeable and the mobility curves bend down substan-
tially to asymptotically approach the correction nearby a hard
cylinder if the membrane possesses a non-vanishing resistance
towards shear. Moreover, we observe that the steady state is
more quickly achieved for the axial (parallel) motion than for
the radial motion (perpendicular), i.e., in a way similar to what
has been observed nearby planar elastic membranes.%® At the
end of the simulations, the particle position changes only by
about 10% of its radius.

Before continuing, we briefly comment on the importance
of higher order terms. For this, we consider a hard cylinder for
which the correction to the axial mobility can be obtained from
Bohlin inverse series coefficients as'® (Table 2.1)

A,uﬁ a a\3
lim —! = 2104443 () +2.086694 () +-+. (60)
a0 Lo R R
which has been truncated at the 3rd order here since higher
order terms amount to an insignificant correction for ¢ < R.
For the radial motion, this reads

S
lim 24~ 1 804360 (f) +1.430590 (3)3 +oel (61)
a0 g R R

Comparing the first and third orders in the above equations
for the present parameters, we find that the higher order terms
lead to a correction of about 5%.

The membrane displacements induced by the axial motion
of the particle are illustrated in Fig. 6, which includes the
theoretical predictions (solid lines) and boundary integral sim-
ulations (symbols) for four different forcing frequencies. The
natural scale for the displacement, A /«ks, is set by the ampli-
tude of forcing A, and the shear resistance «s. Here we use the
same parameters as in Fig. 2 for a membrane with both shear
rigidity and bending rigidity. We plot the axial and radial dis-
placements of the axial section (along z) of the tube wall in
the moment in which a particle moving harmonically with a

-0.007

-0.014

FIG. 6. The scaled radial (a) and axial
(b) membrane displacements versus z/a
at four different forcing frequencies cal-
culated at quarter period, i.e., when wqt
= /2 and the particle reaches its maxi-
mal amplitude moving to the right along
the z axis. Solid lines refer to theoret-
ical predictions, and symbols are the
boundary integral simulations.

-40
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FIG. 7. The scaled radial (a), azimuthal
(b), and axial (c) membrane displace-

-40 -20 0 20 40

ments versus z/a at four forcing fre-
quencies calculated at quarter period for
wot = 7t/2 when the particle reaches its
maximal radial position. Here deforma-
tions are shown in the plane of maxi-
mum deformation. Solid lines refer to
theoretical predictions determined, and
symbols are the boundary integral sim-
ulations.
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very small amplitude reaches its maximal axial position. We
observe that the radial displacement u, is an odd function of z
that vanishes at the origin and at infinity. The axial deforma-
tion u, shows a fundamentally different evolution with respect
to z, where the membrane is displaced along the direction of
the force. Moreover, the maximum deformation reached in u,
is found to be about three times larger than that reached in u,.
Interestingly, the maximum in u, is not attained at the particle
position z =0, but slightly beside. By comparing the membrane
deformation at various forcing frequencies, it can be seen that
larger frequencies induce smaller deformations as the elastic
membrane does not have enough time to react with the rapidly
wiggling particle.

In Fig. 7, we show the scaled radial, axial, and azimuthal
displacement fields induced by the particle radial motion upon
varying the forcing frequency. Deformations are plotted when
the oscillating particle reaches its maximal amplitude, in the
plane of maximum deformation, i.e., ¢ = 0 (or y = 0) for u,
and u;, and ¢ = n/2 (or x = 0) for uys for a force directed
along the x direction. Not surprisingly, we observe that the
membrane mainly undergoes radial deformation. The latter is
found to be about twice as large as the azimuthal deformation
and even six times larger than axial deformation. The numer-
ical simulations are found to be in very good agreement with
analytical predictions, over the whole length of the deformed
cylinder.

For typical situations, the order of magnitude of the forces
exerted by optical tweezers on suspended particles is of the
order of 1 pN.'” For a cylinder radius of 107% m, a shear
modulus of about 10~® N/m, and a scaled forcing frequency
of B = 2, the membrane undergoes a maximal deforma-
tion of about 2% and 5% of its undeformed radius for the
axial and radial motions, respectively. As a result, membrane

40

deformations are generally small and deviations from cylin-
drical shape are indeed negligible.

V. CONCLUSIONS

In this paper, we derived explicit analytic expressions for
Green’s functions, i.e., the flow field generated by a point par-
ticle (Stokeslet), acting either axially along or perpendicular
to the centerline of an elastic cylindrical tube which exhibits
resistance towards shear and bending. For this, we first derived
the appropriate boundary conditions determining the surface
traction jump across the membrane and then used a Fourier
integral expansion to solve the Stokes equations. By examin-
ing the influence of shear and bending motion, we determined
the full form of the solutions and discussed their behavior for
the whole range of actuation frequencies for arbitrary elas-
tic parameters of the membrane—the bending rigidity xg and
elastic modulus «s.

The solution was then used to compute the leading order
correction to the self- and pair mobility of particles mov-
ing axially or radially in the elastic tube, which are in good
agreement with fully resolved boundary integral simulations
performed for the particle radius being a quarter of the chan-
nel size. Additionally, we showed that our analytical theory
can approximately be applied for the general motion due to an
oblique force acting along both the radial and axial directions.
We also computed the deformation field of the membrane for
an arbitrary time-dependent forcing and compared it with fully
resolved numerical simulations.

The theoretical results prove that in this case, the coupling
between the effects of bending and shear of the membrane has
a nonlinear nature, and the limit of a rigid tube is recovered
only for non-zero shear resistance. We further showed that the
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effects of shear are far more important for both axial and radial
motions than bending and therefore determine the qualitative
behavior of the elastically confined particle. For two hydrody-
namically interacting particles, the correction to pair mobility
is found to be of the same order as the bulk pair mobility itself.

SUPPLEMENTARY MATERIAL

See supplementary material for studies on the mesh
independence of the simulation results.
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APPENDIX A: MEMBRANE MECHANICS

In this appendix, we derive equations in cylindrical coor-
dinates for the traction jump across a membrane endowed with
shear rigidity and bending rigidity. We denote by @ = Re, + ze,
the position vector of the points located at the undisplaced
membrane, with R being the undeformed membrane radius.
Here r, ¢, and 7 are used to refer to the radial, azimuthal, and
axial coordinates, respectively. After deformation, the vector
position reads

r=(R+u)e +uges+(z+u;e,, (A1)

where u denotes the displacement vector field. Hereafter,
we shall use capital roman letters for the undeformed state
and small roman letters for the deformed state. The cylindri-
cal membrane can be defined by the covariant base vectors
g1 =14 and g, :=r ;. The unit normal vector n is defined as

X
_81%X& . (A2)
g1 X &>l
Hence, the covariant base vectors read
8 = (Ltr,qg — u¢)e,. + (R + u, + u¢,¢)e¢ + uz,q;ez, (A3)
8 = e, +ug e+ (1+u; e, (A4)

and the unit normal vector at leading order in deformation

reads

Up — Urg
R
Note that g; has a length dimension, while g, and n

are dimensionless. The covariant components of the metric

tensor are defined by the scalar product g.g = go'gg. The

n=e,+ (AS)

6¢ - ur,zez.
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contravariant tensor g? is the inverse of the metric tensor. In
a linearized form, we obtain

_ R? +2R(u, + Upp) Uzp + Rug,
Sap = Uy +Rug 1+2u,, |’ (A6)
1 2ur + Up.p Uz.p + Ru¢,z
g = R? R3 R? (A7)
Uz + RM¢ z =y
R2 7,2

The covariant and contravariant tensors in the unde-
formed state, G5 and G, can immediately be obtained by
considering a vanishing displacement field in Eq. (A7).

1. Shear

In the following, we shall derive the traction jump equa-
tions across a cylindrical membrane endowed by an in-plane
shear resistance. The two transformation invariants are given
by Green and Adkins as'%%1%

I = Gaﬁgafﬁ -2,
L =det G detgap — 1.

(A8a)
(A8b)

From the membrane constitutive relation, the contravari-
ant components of the stress tensor 7% can readily be obtained
such that”3!10

2 oW oW
1B = 202 GoP 4 ) g,
2

~ Js 01 oI
wherein W is the areal strain energy functional and Jg
= V1 +1, is the Jacobian determinant. In the linear theory
of elasticity, Js = 1 + e, with e := (u, + ugy 4)/R + u; ; being
the dilatation function.'!" In the present paper, we use the
neo-Hookean model to describe the elastic properties of the
membrane, whose areal strain energy reads'!>!!3

(A9)

K 1
W, I) = gs(ll—l+ 1”2). (A10)

By plugging Eq. (A10) into Eq. (A9), the linearized in-
plane stress tensor reads

I/lr+u¢,¢+i —(u +I/tz_,¢)
op _ 2Ks R RZ 2R\""*" R All
= T 1 Uz ¢ ( )
a7 et ) e

The equilibrium equations balancing the membrane elas-
tic and external forces read

Vot + AfP =0,
Taﬁba/'g + Afn = O,

(Al2a)
(A12b)

where Af = AfB gp + A f"n is the traction jump vector across
the membrane. Here V,, stands for the covariant derivative,
which for a second-rank tensor is defined as''*

Vo1 =70l + T2 0 + 15, 77, (A13)
with Fiﬁ being the Christoffel symbols of the second kind
which read'!d

1
= 3 8" (8anp + Snp.a — Sapy) - (Al4)
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Moreover, by is the curvature tensor defined by the dot
product b, = g+,g-n. We obtain

baﬁ _ (Mr,¢¢ - (R +u, + 2M¢,¢) Urpz — M¢’z) ) (A]S)
Urpz — Up,z Urzz
Atleading order in deformation, only the partial derivative
remains in Eq. (A13). After some algebra, we find that the
traction jumps across the membrane given by Eqs. (A12) are
written in the cylindrical coordinate basis as

Ks Buzg:  Murg +Uppp)
3 (uq,,ZZ + ; 4+ 2 +Afy =0, (Al6a)

Ks 2urz +3Up g Uzgep
3 (4”“2 t R —+ ;ez +AL=0. (AlSH)

2ks [2(uy +ugpg) U,
_T(TJrT *AS =0, (Al6c)

Note that for curved membranes, the normal traction jump
does not vanish in the plane stress formulation employed
throughout this work as the zeroth order in the curvature tensor
is not identically null. For a planar elastic membrane however,
the resistance to shear introduces a jump only in the tangential
traction jumps.®®~7!

In addition, the jump in the fluid stress tensor across the
membrane reads

[0l = Afs,  Belr e,z (A17)

Therefore, from Egs. (A16), (A17), and (15), it follows
that

i

4(vr,¢, + V¢,¢¢))

i
[Vd),r] = ? (RV(I,’ZZ + 3VZ,¢>Z +

R r=R
(A18a)
j v
[v.,] = % (4sz,zz+2v,.,z + 3020 + Z;”) ., (A18b)
r=R
20, +v
[—%} = —ia (% + vz’z) s (A18c)
r=R

where «a :=2«s/(3nRw) is a dimensionless number character-
istic for shear. Note that it follows from the incompressibility

equation
Vi + Ve 0

+Vv,+v,, =0 (A19)

,
that [v, ] = 0. Hereafter, we shall derive the traction jump
equations across a membrane possessing a bending rigidity.

2. Bending

Here we use the full Helfrich model for the bending
energy. For small deformations and planar membranes, this
is equivalent to the “linear bending model” used in our earlier
studies, 71116 gee Ref. 77 for details. For a curved surface
that we consider here, however, the latter leads to unphysical
tangential components. The traction jump equations across the
membranes are given by’’-!!7

Af = —2kp (2(H2 — K + HoH) + A”) (H - Hy)n, (A20)
where «p is the bending modulus, and H and K are the mean

and Gaussian curvatures, respectively, given by

1
H = Ebg, K = det bP, (A21)
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with bg being the mixed version of the curvature tensor related
to the covariant representation of the curvature tensor by
b5 = b,sg°. Further A is the horizontal Laplace opera-
tor and H) is the spontaneous curvature for which we take the
initial undisturbed shape here. The linearized traction jumps
are therefore given by

u, + 2I/tr,¢¢ + Ur pppd )
R

+Af =0, (A22)

and Afy = Af; =0.

Interestingly, bending does not introduce at leading order a
jump in the tangential traction.'%? The traction jump equations
take the following final form:

[ve,1=0, (A23a)
[ver] =0, (A23b)
Pl o3 el
" = —lag | RV gz + 2R(Vyzz + Vi zzgpgp)
Vr+ 2V, 06 + Vr
N 60 + Vropoe ) ’ (A230)
R r=R

where ap = (KB/(nw))” 3/R is the dimensionless number
characteristic for bending.

APPENDIX B: DETERMINATION OF THE UNKNOWN
FUNCTIONS FOR AXIAL MOTION

In this appendix, we derive the expressions of the two
functions Lﬂ‘*‘ and t,o’ﬁ associated with the solution of the Stokes
equations due to a point force directed along a cylindrical
membrane possessing pure shear or pure bending rigidity.

1. Pure shear

As a first model, we consider an idealized membrane with
a finite shear resistance and no bending resistance, such as an
artificial capsule.!!®~1?? The tangential traction jump given by
Eq. (9) is in leading order independent of bending resistance
and readily leads to

—S2111/IT| -5 + sIO)c,o”l‘| +52((ia = DKy + 2iasKo)yo
—((1 +ia + 2ias®)K; — (1 + ia)sKo)s2902”
= Rs(sKo — 2K,),

B1)
where @ = 2«ks/(3nRw) is the shear parameter. Neglecting
the bending contribution Af® in the radial traction jump in
Eq. (11) yields

25°log} — ias(sKo + 2K 1)) + s(ia(2 + 5K,

+s(ia — 2)Ko) 2 = —2RsKo. (B2)

Equations (24) together with (B1) and (B2) form a linear
system of equations for the four unknown functions, amenable
to immediate resolution via the standard substitution method.
We obtain

. oM . I
V=R =R, (B3)

Njig
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where the numerators read
Mys= a((IoKy + 11 Ko) (3iaKg — (4 + 3ia)K})s + (= 3ialoK,
+ (8 +3ia)| KKy + (8 + 9ia)loKoK} + 3ial  K?)s*
+ (6(ia — DI1K] - 6(i + DIGKIK
—2(1 +6ia)| KoK? — 210K3)s + 12ia KK, 11),
Lyg= (( = 3iadoKy + (4 = 3ia)[ K3Ky + (4 + 3ia)[pKoK ]
+3ial K;)s* + (6(ia — DLK - 6(1 + o)oK K,
+2(1 - 6ia) KoK ? + 210K ) s + 12ia111<31<1)a,
and the denominator reads
Nyg = Bi(K§ - KDUG - IDa +4U7KG - I3K}))as’
+2as*(IoKo + 11 K1) x (Bia(IoK, — 1 Ko)
+2(IoK; + 11 Ko)) + 4( - 3ilol KoK, o
+a(ITK; - TK?) + i(loK) + [ Ko)?)s
+8al K (IoK, + I Kp).

Taking @ — oo, which is achieved either by considering an
infinite shear modulus «g or a vanishing actuation frequency,
we recover the known solution for a hard cylinder with stick
boundary conditions, namely,

li lﬁﬁ (I()K] +11K0)S2 —(I()Ko +11K1)S+211K0
m — = 5
a—o R s(sly = sIt = 2Iol,)
(B4a)
€y 2L Ko — (IpKo + LK
lim 20 _ 21iKo (IoKo + 1 1)57 (B4b)
a— R s(slIy — sIf = 2Iol,)

in agreement with the results of Liron and Shahar.?” Note that
both ¢ and ¢, vanish in this limit, meaning that the fluid
outside the cylinder is stagnant.

2. Pure bending

A complimentary model membrane involves only a finite
bending resistance, as considered previously to model a typical
fluid vesicle.!?>12° The effects of bending are determined by
the dimensionless number ag = (kg/(7w))'"3/R. We now set
AfS = AfS = 0in Egs. (9) and (11). The tangential-normal
stress component is therefore continuous, leading to

- Ly) - 57 (L +slo) @) — " Kipa — (K1 — sKo)s g2
= RS(SK() - 2K1),
while the discontinuity in the normal traction jump leads to
s (2slo + i (slo = (s> = 1?) ¢ +iags(s> = D21y}
- 2s2K0(,02H =Rs (2 + ia/g,.(s2 - 1)2) K.
The functions l//’ﬁ and "DTI can be cast in a form similar to
Eq. (B3) as

*_RMIIB *_RLHB BS
11[/” - N b} ‘10” - N El ( )
IIB IIB
with the numerators
M”B = (}’]33(,8‘2 - l)zKo(Kl + sKjp),

Lyg = —ay(s* = D*KoKi,
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and the denominator
Nyg = (s*=1)* (s(oK; — 1 Ko) — 211 K1) @iy, —2is(IoK +11 Ko).

Importantly, by considering the limit g — oo (cor-
responding to an infinite bending modulus of a vanishing
actuation frequency), we obtain

.Y Ko (sKo + K1)

lim — = s
ag—o R (SIO - 2]1)K1 - SK()Il

i ¢ KoK,

m — = - ,
ag—o R (SI() - 2]])K1 - SK()I]

which is found to be different from the solution for a hard
cylinder given by Eqgs. (B4). This difference will be explained
later on as it is characteristic for many elastohydrodynamic
systems.

APPENDIX C: DETERMINATION OF THE UNKNOWN
FUNCTIONS FOR RADIAL MOTION

In this appendix, we provide analytical expressions of the
three functions ¢7, ¢, and y7 associated with a point force
acting perpendicular to a cylindrical membrane with either
shear or bending rigidity.

1. Pure shear

We first consider an idealized membrane with a finite shear
resistance and no bending resistance. The tangential traction
jump along the z direction given by Eq. (9) is independent of
bending leading to

2o + s, +s(slo — I+ (s (1 + i3 +257) Ko
+ (ia(S + sz) — s2) Kl) w2, + % (3sKo +5K1) v2,
+5(s(1 - ia)Ko + (1 - i3 +257)) K1) 2,

= Rs(Ko — sKy), (CnH

and the tangential traction jump along the ¢ direction given by
Eq. (10) leads to

(@+5D0 = 2sk) @ + (slo = 21w + (2 + 5D = slo) v
+3((a(8+5%) = (4 +25)Ky +5 (i (4 +57) —2) Ko)
xy2, + ((ia(8+35%) — (4 +57)) Ky +2s
x (ie2+s) = 1)Ko) g2, + (2 (1 - ia2+57)) K,
+5(1 = 2ia)Kp) Y2, = RsK;. (C2)

Furthermore, the shear related part in the normal traction jump

given by Eq. (11) yields

2%, + (ias(4+ 59K + 2 (ia(d + 57 = 5°) Ky ) @2, — i
X (2sK0 +(4+5)K; ) Wy +2ia(sKo + 2K)y2 | = —2RsK].
Inserting the expressions of ¢, Y2, and y,, given by

Egs. (31)—(33) into Egs. (C1)-(C3a), we obtain the unknown

functions ¢} , ¥ , and y] inside the channel. Explicit analytical
expressions are not listed here due to their complexity and
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lengthiness. Particularly, by taking @ — oo, we recover the
solution for a no-slip cylinder, namely,

lim ﬁ B s(sly — 1) (o Ky +11K1)—2112K0 (C3a)

ame R To — INU2 = 12) = 20p12) ‘
N S(S 0 1)( 0 1) 044

i 22 S = slo)UoKi + 11 Ko) (C3b)

aseo R s(sly — INIE = 17) = 201
v 5 sli(loKo + 11 K1) + 217 Ko — s* Ko} — 1)
s (s(slo = IUE = 1) = 2012)

(C3c)
and ¢, = Yo, =y, =0, in complete agreement with the
results by Liron and Shahar.3°
2. Pure bending

Neglecting the shear contribution in the tangential traction
jump along the z direction given by Eq. (9), we obtain
s* o + 1)@ +s(slo = W +5°(Ko = sKi)ga,
+5(K1 + sKo)y2, = Rs(Ko — sKy). (C4)
The traction jump along the ¢ direction stated by Eq. (10)
is continuous, leading to
(4 +5D1 = 2sIo) ¢, +(slo = 21w + (2 + 5D = slo) v
+(sKp + 2[(1)1&2L - (2SKO + (4 + Sz)Kl) w2
- (SK() + <S2 + 2) Kl) Y2, = RsKj,
while the discontinuity of the normal traction jump due to pure
bending leads to
2shiy + (icx%s3 ((s2 +2)K| + sKo) - 2sK1) o (C5)
— i} s3(sKo + Ko, +iais’K1y2, = —2RK;.

The unknown functions ¢’, ¢7, and y] are readily
obtained after plugging the expressions of ¢, , %2, and y
given by Eqgs. (31)—(33) into Egs. (C4) and (C5). Further, by
taking ag — oo, we obtain

lim ¢l (Ko + sK1)(sKo + K1)
ag—oo R sKo (3 + s —2sly) — 3 +s52)(2I; — slp)K;’
(C6a)
. : (Ko + sK1) (sKg +(2+ s2)1<1)
AR = 5Ko (G 4550 = 2500) — B+ 550, —sloK;”
(C6b)
i P 2K (Ko + sK))
ag—o R sKo ((3 + sD)I; —2sly) — (3 + s2)2I; — slp)K;’
(C6c)

which is notidentical to the solution for a no-slip cylinder given
by Egs. (C3), i.e., in the same way as observed for the axial
motion. This feature is justified by the fact that bending does
not introduce a discontinuity in the tangential traction jumps
and that the normal traction jumps due to bending resistance
as prescribed by Helfrich law in Eq. (13) depends only on the
normal displacement u,. Therefore, even when considering an
infinite bending modulus, the tangential components of the
membrane displacement 1y and u;, are still completely free.
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As a result, this behavior cannot represent the hard cylinder
where all membrane displacements should be restricted. A
similar feature has been found for spherical membranes.®8-%°

1. F. Brady and G. Bossis, “Stokesian dynamics,” Annu. Rev. Fluid Mech.
20, 111-157 (1988).

27, Bleibel, A. Dominguez, F. Giinther, J. Harting, and M. Oettel, “Hydrody-
namic interactions induce anomalous diffusion under partial confinement,”
Soft Matter 10, 2945-2948 (2014).

3Q.—H. Wei, C. Bechinger, and P. Leiderer, “Single-file diffusion of colloids
in one-dimensional channels,” Science 287, 625-627 (2000).

4C. Lutz, M. Kollmann, and C. Bechinger, “Single-file diffusion of colloids
in one-dimensional channels,” Phys. Rev. Lett. 93, 026001 (2004).

SPIA. Janssen, M. D. Baron, P. D. Anderson, J. Blawzdziewicz, M. Loewen-
berg, and E. Wajnryb, “Collective dynamics of confined rigid spheres and
deformable drops ,” Soft Matter 8, 7495-7513 (2012).

op. p. Lele, J. W. Swan, J. F. Brady, N. J. Wagner, and E. M. Furst, “Colloidal
diffusion and hydrodynamic screening near boundaries,” Soft Matter 7,
6844-6852 (2011).

7M. Gross, T. Kriiger, and F. Varnik, “Rheology of dense suspensions of
elastic capsules: Normal stresses, yield stress, jamming and confinement
effects,” Soft Matter 10, 4360—4372 (2014).

8 Deformation and Flow in Biological Systems, edited by A. Frey-Wyssling
(North-Holland Publishing, Co., Amsterdam, 1952).

9R. Shadwick, “Mechanical design in arteries,” J. Exp. Biol. 202, 3305-3313
(1999).

10C. G. Caro, T. J. Pedley, R. C. Schroter, and W. A. Seed, The Mechanics of
the Circulation, 2nd ed. (Cambridge University Press, 2011).

IH, A. Stone, A. D. Stroock, and A. Ajdari, “Engineering flows in small
devices: Microfluidics toward a lab-on-a-chip,” Annu. Rev. Fluid Mech.
36, 381411 (2004).

2p p, Holmes, B. Tavakol, G. Froehlicher, and H. A. Stone, “Control and
manipulation of microfluidic flow via elastic deformations,” Soft Matter 9,
7049-7053 (2013).

13g, Tavakol, M. Bozlar, C. Punckt, G. Froehlicher, H. A. Stone, 1. A.
Aksay, and D. P. Holmes, “Buckling of dielectric elastomeric plates for
soft, electrically active microfluidic pumps,” Soft Matter 10, 4789-4794
(2014).

145, Happel and H. Brenner, Low Reynolds Number Hydrodynamics: With
Special Applications to Particulate Media (Springer Science & Business
Media, 2012), Vol. 1.

I5H. Faxén, “About T. Bohlin’s paper: On the drag on rigid spheres, moving
in a viscous liquid inside cylindrical tubes,” Kolloid-Z. 167, 146 (1959).
16H. Faxén, “Der widerstand gegen die bewegung einer starren kugel in
einer zidhen fliissigkeit, die zwischen zwei parallelen ebenen winden

eingeschlossen ist,” Ann. Phys. 373, 89—119 (1922).

175, Wakiya, “A spherical obstacle in the flow of a viscous fluid through a
tube,” J. Phys. Soc. Jpn. 8, 254-256 (1953).

18T Bohlin, On the Drag on a Rigid Sphere Moving in a Viscous Liquid
inside a Cylindrical Tube (Transactions of the Royal Institute of Technology,
Stockholm, 1960), Vol. 155, p. 64.

19W. B. Zimmerman, “On the resistance of a spherical particle settling in a
tube of viscous fluid,” Int. J. Eng. Sci. 42, 1753-1778 (2004).

203, Leichtberg, R. Pfeffer, and S. Weinbaum, “Stokes flow past finite coaxial
clusters of spheres in a circular cylinder,” Int. J. Multiphase Flow 3, 147
(1976).

2IM. Kedzierski and E. Wajnryb, “Precise multipole method for calculating
many-body hydrodynamic interactions in a microchannel,” J. Chem. Phys.
133, 154105 (2010).

2, Cui, H. Diamant, and B. Lin, “Screened hydrodynamic interaction in a
narrow channel,” Phys. Rev. Lett. 89, 188302 (2002).

23B. Cui, B. Lin, S. Sharma, and S. A. Rice, “Equilibrium structure and effec-
tive pair interaction in a quasi-one-dimensional colloid liquid,” J. Chem.
Phys. 116, 3119-3127 (2002).

24K. Misiunas, S. Pagliara, E. Lauga, J. R. Lister, and U. F. Keyser, “Nonde-
caying hydrodynamic interactions along narrow channels,” Phys. Rev. Lett.
115, 038301 (2015).

25H.Y. Yeh and H. J. Keh, “Axisymmetric creeping motion of a prolate particle
in a cylindrical pore,” Eur. J. Mech., B: Fluids 39, 52-58 (2013).

263, Happel and B. J. Bryne, “Viscous flow in multiparticle systems. Motion
of a sphere in a cylindrical tube,” Ind. Eng. Chem. 46, 1181-1186 (1954).

2TH. Brenner and J. Happel, “Slow viscous flow past a sphere in a cylindrical
tube,” J. Fluid Mech. 4, 195-213 (1958).


https://doi.org/10.1146/annurev.fl.20.010188.000551
https://doi.org/10.1039/c3sm53043d
https://doi.org/10.1126/science.287.5453.625
https://doi.org/10.1103/physrevlett.93.026001
https://doi.org/10.1039/c2sm25812a
https://doi.org/10.1039/c0sm01466d
https://doi.org/10.1039/c4sm00081a
https://doi.org/10.1146/annurev.fluid.36.050802.122124
https://doi.org/10.1039/c3sm51002f
https://doi.org/10.1039/c4sm00753k
https://doi.org/10.1007/bf01809634
https://doi.org/10.1002/andp.19223731003
https://doi.org/10.1143/jpsj.8.254
https://doi.org/10.1016/j.ijengsci.2004.05.001
https://doi.org/10.1016/0301-9322(76)90005-7
https://doi.org/10.1063/1.3496481
https://doi.org/10.1103/physrevlett.89.188302
https://doi.org/10.1063/1.1435568
https://doi.org/10.1063/1.1435568
https://doi.org/10.1103/physrevlett.115.038301
https://doi.org/10.1016/j.euromechflu.2012.11.005
https://doi.org/10.1021/ie50534a032
https://doi.org/10.1017/s0022112058000392

111901-16 Daddi-Moussa-Ider, Lisicki, and Gekle

28T, Greenstein and J. Happel, “Theoretical study of the slow motion of
a sphere and a fluid in a cylindrical tube,” J. Fluid Mech. 34, 705-710
(1968).

29P. M. Bungay and H. Brenner, “The motion of a closely-fitting sphere in a
fluid-filled tube,” Int. J. Multiphase Flow 1, 25-56 (1973).

30N. Liron and R. Shahar, “Stokes flow due to a Stokeslet in a pipe,” J. Fluid
Mech. 86, 727-744 (1978).

3IT. Greenstein and J. Happel, “The slow motion of two particles sym-
metrically placed about the axis of a circular cylinder in a direction
perpendicular to their line of centers,” Appl. Sci. Res. 22, 345-359
(1970).

32N, Lecoq, F. Feuillebois, N. Anthore, R. Anthore, F. Bostel, and C. Peti-
pas, “Precise measurement of particle-wall hydrodynamic interactions at
low Reynolds number using laser interferometry,” Phys. Fluids A 5, 3—12
(1993).

33J.J. L. Higdon and G. P. Muldowney, “Resistance functions for spherical
particles, droplets and bubbles in cylindrical tubes,” J. Fluid Mech. 298,
193-210 (1995).

34C. Pozrikidis, “Computation of stokes flow due to the motion or presence
of a particle in a tube,” J. Eng. Math. 53, 1-20 (2005).

35H. J. Keh and Y. C. Chang, “Creeping motion of a slip spherical particle in
a circular cylindrical pore,” Int. J. Multiphase Flow 33, 726-741 (2007).

365, Bhattacharya, C. Mishra, and S. Bhattacharya, “Analysis of general
creeping motion of a sphere inside a cylinder,” J. Fluid Mech. 642, 295
(2010).

37 A. Imperio, J. T. Padding, and W. J. Briels, “Diffusion of spherical particles
in microcavities,” J. Chem. Phys. 134, 154904 (2011).

38g. Navardi, S. Bhattacharya, and H. Wu, “Stokesian simulation of two
unequal spheres in a pressure-driven creeping flow through a cylinder,”
Comput. Fluids 121, 145 (2015).

39H. Hasimoto, “Slow motion of a small sphere in a cylindrical domain,”
J. Phys. Soc. Jpn. 41, 2143-2144 (1976).

400, Sano, “Mobility of a small sphere in a viscous fluid confined in a rigid
circular cylinder of finite length,” J. Phys. Soc. Jpn. 56, 2713-2720 (1987).

41G. J. Sheard and K. Ryan, “Pressure-driven flow past spheres moving in a
circular tube,” J. Fluid Mech. 592, 233-262 (2007).

42B. U. Felderhof, “Transient flow of a viscous incompressible fluid in a
circular tube after a sudden point impulse,” J. Fluid Mech. 637, 285-303
(2009).

43B. U. Felderhof, “Transient flow of a viscous compressible fluid in a circular
tube after a sudden point impulse,” J. Fluid Mech. 644, 97-106 (2010).

“B.U. Felderhof, “Transient flow of a viscous compressible fluid in a circular
tube after a sudden point impulse transverse to the axis,” J. Fluid Mech. 649,
329-340 (2010).

4B. U. Felderhof and G. Ooms, “Flow of a viscous compressible fluid pro-
duced in a circular tube by an impulsive point source,” J. Fluid Mech. 668,
100-112 (2011).

465 Rubinow and J. B. Keller, “Flow of a viscous fluid through an elastic tube
with applications to blood flow,” J. Theor. Biol. 35, 299-313 (1972).

47Y.-C. Fung, Biomechanics: Circulation (Springer Science & Business
Media, 2013).

BC. D. Bertram, C. J. Raymond, and K. S. A. Butcher, “Oscillations in a
collapsed-tube analog of the brachial artery under a sphygmomanometer
cuff,” J. Biomech. Eng. 111, 185-191 (1989).

49]. B. Grotberg, “Respiratory fluid mechanics and transport processes,”
Annu. Rev. Biomed. Eng. 3, 421-457 (2001).

50y, B. Grotberg and O. E. Jensen, “Biofluid mechanics in flexible tubes,”
Annu. Rev. Fluid Mech. 36, 121 (2004).

318, Canic, J. Tambaca, G. Guidoboni, A. Mikelic, C. J. Hartley, and D. Rosen-
strauch, “Modeling viscoelastic behavior of arterial walls and their inter-
action with pulsatile blood flow,” SIAM J. Appl. Math. 67, 164-193
(2006).

32D. Takagi and N. J. Balmforth, “Peristaltic pumping of viscous fluid in an
elastic tube,” J. Fluid Mech. 672, 196-218 (2011).

53A. Heap and A. Juel, “Anomalous bubble propagation in elastic tubes,”
Phys. Fluids 20, 081702 (2008).

54A. Heap and A. Juel, “Bubble transitions in strongly collapsed elastic tubes,”
J. Fluid Mech. 633, 485-507 (2009).

55R. Zheng, N. Phan-Thien, and R. I. Tanner, “The flow past a sphere in a
cylindrical tube: Effects of intertia, shear-thinning and elasticity,” Rheol.
Acta 30, 499-510 (1991).

563, Nahar, S. A. K. Jeelani, and E. J. Windhab, “Influence of elastic tube
deformation on flow behavior of a shear thinning fluid,” Chem. Eng. Sci.
75, 445455 (2012).

Phys. Fluids 29, 111901 (2017)

578, Nabhar, S. A. K. Jeelani, and E. J. Windhab, “Prediction of velocity profiles
of shear thinning fluids flowing in elastic tubes,” Chem. Eng. Commun. 200,
820-835 (2013).

58 A. Mikelic, G. Guidoboni, and S. Canic, “Fluid-structure interaction in a
pre-stressed tube with thick elastic walls I: The stationary stokes problem,”
Networks Heterog. Media 2, 397 (2007).

SIA. Marzo, X. Y. Luo, and C. D. Bertram, “Three-dimensional collapse and
steady flow in thick-walled flexible tubes,” J. Fluid Struct. 20, 817-835
(2005).

60H. Alexander, “The tensile instability of an inflated cylindrical membrane
as affected by an axial load,” Int. J. Mech. Sci. 13, 87-94 (1971).

oly Shan, M. P. Philen, C. E. Bakis, K.-W. Wang, and C. D. Rahn, “Nonlinear-
elastic finite axisymmetric deformation of flexible matrix composite mem-
branes under internal pressure and axial force,” Compos. Sci. Technol. 66,
3053-3063 (2006).

62M. Rahimi, A. DeSimone, and M. Arroyo, “Curved fluid membranes behave
laterally as effective viscoelastic media,” Soft Matter 9, 11033-11045
(2013).

63M. Rahimi, “Shape dynamics and lipid hydrodynamics of bilayer mem-
branes: Modeling, simulation and experiments,” Ph.D. thesis, Polytechnic
University of Catalonia, Spain, 2013.

64M. J. Lighthill, “Pressure-forcing of tightly fitting pellets along fluid-filled
elastic tubes,” J. Fluid Mech. 34, 113-143 (1968).

65A. Tozeren, N. Ozkaya, and H. Tozeren, “Flow of particles along a
deformable tube,” J. Biomech. 15, 517-527 (1982).

664, Daddi-Moussa-Ider, M. Lisicki, and S. Gekle, “Slow rotation of a
spherical particle inside an elastic tube,” Acta Mech. (published online,
2017).

oL G. Leal, “Particle motions in a viscous fluid,” Annu. Rev. Fluid Mech.
12, 435-476 (1980).

68] Tan, A. Thomas, and Y. Liu, “Influence of red blood cells on nanopar-
ticle targeted delivery in microcirculation,” Soft Matter 8, 1934-1946
(2012).

A, Daddi-Moussa-Ider, A. Guckenberger, and S. Gekle, “Long-lived anoma-
lous thermal diffusion induced by elastic cell membranes on nearby
particles,” Phys. Rev. E 93, 012612 (2016).

T0A. Daddi-Moussa-Ider, A. Guckenberger, and S. Gekle, “Particle mobility
between two planar elastic membranes: Brownian motion and membrane
deformation,” Phys. Fluids 28, 071903 (2016).

71 A. Daddi-Moussa-Ider and S. Gekle, “Hydrodynamic interaction between
particles near elastic interfaces,” J. Chem. Phys. 145, 014905 (2016).

728, Ramanujan and C. Pozrikidis, “Deformation of liquid capsules enclosed
by elastic membranes in simple shear flow: Large deformations and the
effect of fluid viscosities,” J. Fluid Mech. 361, 117-143 (1998).

T3E, Lac, D. Barthes-Biesel, N. A. Pelekasis, and J. Tsamopoulos, “Spherical
capsules in three-dimensional unbounded stokes flows: Effect of the mem-
brane constitutive law and onset of buckling,” J. Fluid Mech. 516, 303-334
(2004).

745, B. Freund, “Numerical simulation of flowing blood cells,” Annu. Rev.
Fluid Mech. 46, 67-95 (2014).

75D. Barthes-Biesel, “Motion and deformation of elastic capsules and vesicles
in flow,” Annu. Rev. Fluid Mech. 48, 25-52 (2016).

76W. Helfrich, “Elastic properties of lipid bilayers: Theory and possible
experiments,” Z. Naturforsch. C 28, 693 (1973).

77 A. Guckenberger and S. Gekle, “Theory and algorithms to compute Helfrich
bending forces: A review,” J. Phys.: Condens. Matter 29, 203001 (2017).
78S. Kim and S. J. Karrila, Microhydrodynamics: Principles and Selected

Applications (Courier Corporation, 2013).

T, Bickel, “Brownian motion near a liquid-like membrane,” Eur. Phys. J. E
20, 379-385 (2006).

803, J. Weekley, S. L. Waters, and O. E. Jensen, “Transient elastohydrody-
namic drag on a particle moving near a deformable wall,” Q. J. Mech. Appl.
Math. 59, 277-300 (2006).

817, Salez and L. Mahadevan, “Elastohydrodynamics of a sliding, spinning and
sedimenting cylinder near a soft wall,” J. Fluid Mech. 779, 181-196 (2015).

82, Saintyves, T. Jules, T. Salez, and L. Mahadevan, “Self-sustained lift
and low friction via soft lubrication,” Proc. Natl. Acad. Sci. U. S. A. 113,
5847-5849 (2016).

83p, Rallabandi, B. Saintyves, T. Jules, T. Salez, C. Schonecker, L. Mahade-
van, and H. A. Stone, “Rotation of an immersed cylinder sliding near a thin
elastic coating,” Phys. Rev. Fluids 2, 074102 (2017).

84Y. 0. Fuentes, S. Kim, and D. J. Jeffrey, “Mobility functions for two unequal
viscous drops in Stokes flow. I. Axisymmetric motions,” Phys. Fluids 31,
2445-2455 (1988).


https://doi.org/10.1017/s002211206800217x
https://doi.org/10.1016/0301-9322(73)90003-7
https://doi.org/10.1017/s0022112078001366
https://doi.org/10.1017/s0022112078001366
https://doi.org/10.1007/bf00400540
https://doi.org/10.1063/1.858787
https://doi.org/10.1017/s0022112095003272
https://doi.org/10.1007/s10665-005-5571-6
https://doi.org/10.1016/j.ijmultiphaseflow.2006.12.008
https://doi.org/10.1017/s0022112009991789
https://doi.org/10.1063/1.3578186
https://doi.org/10.1016/j.compfluid.2015.07.027
https://doi.org/10.1143/jpsj.41.2143
https://doi.org/10.1143/jpsj.56.2713
https://doi.org/10.1017/s0022112007008543
https://doi.org/10.1017/s0022112009990668
https://doi.org/10.1017/s0022112009992874
https://doi.org/10.1017/s0022112010000224
https://doi.org/10.1017/s0022112010005513
https://doi.org/10.1016/0022-5193(72)90041-0
https://doi.org/10.1115/1.3168364
https://doi.org/10.1146/annurev.bioeng.3.1.421
https://doi.org/10.1146/annurev.fluid.36.050802.121918
https://doi.org/10.1137/060651562
https://doi.org/10.1017/s0022112010005914
https://doi.org/10.1063/1.2963495
https://doi.org/10.1017/s0022112009007435
https://doi.org/10.1007/bf00444368
https://doi.org/10.1007/bf00444368
https://doi.org/10.1016/j.ces.2012.03.051
https://doi.org/10.1080/00986445.2012.722150
https://doi.org/10.3934/nhm.2007.2.397
https://doi.org/10.1016/j.jfluidstructs.2005.03.008
https://doi.org/10.1016/0020-7403(71)90013-0
https://doi.org/10.1016/j.compscitech.2006.01.002
https://doi.org/10.1039/c3sm51748a
https://doi.org/10.1017/s0022112068001795
https://doi.org/10.1016/0021-9290(82)90005-7
https://doi.org/10.1007/s00707-017-1965-6
https://doi.org/10.1146/annurev.fl.12.010180.002251
https://doi.org/10.1039/c2sm06391c
https://doi.org/10.1103/physreve.93.012612
https://doi.org/10.1063/1.4955013
https://doi.org/10.1063/1.4955099
https://doi.org/10.1017/s0022112098008714
https://doi.org/10.1017/s002211200400062x
https://doi.org/10.1146/annurev-fluid-010313-141349
https://doi.org/10.1146/annurev-fluid-010313-141349
https://doi.org/10.1146/annurev-fluid-122414-034345
https://doi.org/10.1515/znc-1973-11-1209
https://doi.org/10.1088/1361-648x/aa6313
https://doi.org/10.1140/epje/i2006-10026-0
https://doi.org/10.1093/qjmam/hbl002
https://doi.org/10.1093/qjmam/hbl002
https://doi.org/10.1017/jfm.2015.425
https://doi.org/10.1073/pnas.1525462113
https://doi.org/10.1103/physrevfluids.2.074102
https://doi.org/10.1063/1.866597

111901-17 Daddi-Moussa-Ider, Lisicki, and Gekle

85Y. 0. Fuentes, S. Kim, and D. J. Jeffrey, “Mobility functions for two unequal
viscous drops in Stokes flow. II. Asymmetric motions,” Phys. Fluids A 1,
61-76 (1989).

86G. N. Watson, A Treatise on the Theory of Bessel Functions (Cambridge
University Press, 1995).

87TM. Abramowitz, I. A. Stegun et al., Handbook of Mathematical Functions
(Dover, New York, 1972), Vol. 1.

88 A. Daddi-Moussa-Ider and S. Gekle, “Hydrodynamic mobility of a solid
particle near a spherical elastic membrane: Axisymmetric motion,” Phys.
Rev. E 95, 013108 (2017).

89 A. Daddi-Moussa-Ider, M. Lisicki, and S. Gekle, “Hydrodynamic mobil-
ity of a solid particle near a spherical elastic membrane. II. Asymmetric
motion,” Phys. Rev. E 95, 053117 (2017).

908, Kim and R. T. Mifflin, “The resistance and mobility functions of two
equal spheres in low Reynolds number flow,” Phys. Fluids 28, 2033 (1984).

91E R. Dufresne, T. M. Squires, M. P. Brenner, and D. G. Grier, “Hydrody-
namic coupling of two Brownian spheres to a planar surface,” Phys. Rev.
Lett. 85, 3317 (2000).

92J. W. Swan and J. F. Brady, “Simulation of hydrodynamically interacting
particles near a no-slip boundary,” Phys. Fluids 19, 113306 (2007).

93B. Trénkle, D. Ruh, and A. Rohrbach, “Interaction dynamics of two diffusing
particles: Contact times and influence of nearby surfaces,” Soft Matter 12,
2729-2736 (2016).

4], R. Blake, “On the generation of viscous toroidal eddies in a cylinder,”
J. Fluid Mech. 95, 209-222 (1979).

95R. Bracewell, The Fourier Transform and Its Applications (McGraw-Hill,
1999).

96T, Hahn, “Cuba—A library for multidimensional numerical integration,”
Comput. Phys. Commun. 168, 78-95 (2005).

97T, Hahn, “Concurrent Cuba,” Comput. Phys. Commun. 207, 341-349
(2016).

98T, Bickel, “Hindered mobility of a particle near a soft interface,” Phys. Rev.
E 75, 041403 (2007).

9N. Phan-Thien and D. Tullock, “Completed double layer boundary element
method in elasticity,” J. Mech. Phys. Solids 41, 1067-1086 (1993).

100np, Kohr and I. 1. Pop, Viscous Incompressible Flow for Low Reynolds
Numbers (WIT Press/Computational Mechanics, 2004), Vol. 16.

01, Zhao and E. S. G. Shagfeh, “Shear-induced platelet margination in a
microchannel,” Phys. Rev. E 83, 061924 (2011).

102H, Zhao, E. S. G. Shagfeh, and V. Narsimhan, “Shear-induced particle migra-
tion and margination in a cellular suspension,” Phys. Fluids 24, 011902
(2012).

1034, Guckenberger, M. P. Schraml, P. G. Chen, M. Leonetti, and S. Gekle, “On
the bending algorithms for soft objects in flows,” Comput. Phys. Commun.
207, 1-23 (2016).

104D, W. Marquardt, “An algorithm for least-squares estimation of nonlinear
parameters,” SIAM J. Appl. Math. 11, 431-441 (1963).

1054, R. Conn, N. I. M. Gould, and P. L. Toint, Trust Region Methods (SIAM,
2000), Vol. 1.

Phys. Fluids 29, 111901 (2017)

196, Pozrikidis, “Effect of membrane bending stiffness on the deformation of
capsules in simple shear flow,” J. Fluid Mech. 440, 269-291 (2001).

107G, Cipparrone, I. Ricardez-Vargas, P. Pagliusi, and C. Provenzano, ‘“Polar-
ization gradient: Exploring an original route for optical trapping and
manipulation,” Opt. Express 18, 6008—6013 (2010).

108 A E. Green and J. C. Adkins, Large Elastic Deformations and Non-Linear
Continuum Mechanics (Oxford University Press, 1960).

1097, Zhu, “Simulation of individual cells in flow,” Ph.D. thesis, KTH Royal
Institute of Technology, 2014.

1107, Zhu and L. Brandt, “The motion of a deforming capsule through a corner,”
J. Fluid Mech. 770, 374-397 (2015).

WM. H. Sadd, Elasticity: Theory, Applications, and Numerics (Academic
Press, 2009).

V2T Kriiger, Computer Simulation Study of Collective Phenomena in Dense
Suspensions of Red Blood Cells Under Shear (Springer Science & Business
Media, 2012).

I3E. Lac and D. Barthés-Biesel, “Deformation of a capsule in simple shear
flow: Effect of membrane prestress,” Phys. Fluids 17, 072105 (2005).

14M. Deserno, “Fluid lipid membranes: From differential geometry to
curvature stresses,” Chem. Phys. Lipids 185, 11-45 (2015).

N5y 1. Synge and A. Schild, Tensor Calculus (Courier Corporation, 1969),
Vol. 5.

HoA, Daddi-Moussa-Ider, M. Lisicki, and S. Gekle, “Mobility of an axisym-
metric particle near an elastic interface,” J. Fluid Mech. 811, 210-233
(2017).

117Q.-Y. Zhong-Can and W. Helfrich, “Instability and deformation of a
spherical vesicle by pressure,” Phys. Rev. Lett. 59, 2486 (1987).

18p R, Rao, G. 1. Zahalak, and S. P. Sutera, “Large deformations of elastic
cylindrical capsules in shear flows,” J. Fluid Mech. 270, 73-90 (1994).

19C. D. Eggleton and A. S. Popel, “Large deformation of red blood cell ghosts
in a simple shear flow,” Phys. Fluids 10, 1834-1845 (1998).

120y N avot, “Elastic membranes in viscous shear flow,” Phys. Fluids 10, 1819—
1833 (1998).

121'Y. Sui, Y. T. Chew, P. Roy, Y. P. Cheng, and H. T. Low, “Dynamic motion
of red blood cells in simple shear flow,” Phys. Fluids 20, 112106 (2008).
122J, R. Clausen and C. K. Aidun, “Capsule dynamics and rheology in
shear flow: Particle pressure and normal stress,” Phys. Fluids 22, 123302

(2010).

123p 7. Bukman, J. H. Yao, and M. Wortis, “Stability of cylindrical vesicles
under axial tension,” Phys. Rev. E 54, 5463 (1996).

1247 v, Luo, S. Q. Wang, L. He, F. Xu, and B. F. Bai, “Inertia-dependent
dynamics of three-dimensional vesicles and red blood cells in shear flow,”
Soft Matter 9, 9651-9660 (2013).

125¢, Dupont, A.-V. Salsac, D. Barthes-Biesel, M. Vidrascu, and P. Le Tallec,
“Influence of bending resistance on the dynamics of a spherical capsule in
shear flow,” Phys. Fluids 27, 051902 (2015).

126 Aouane, A. Farutin, M. Thiébaud, A. Benyoussef, C. Wagner, and C. Mis-
bah, “Hydrodynamic pairing of soft particles in a confined flow,” Phys. Rev.
Fluids 2, 063102 (2017).


https://doi.org/10.1063/1.857524
https://doi.org/10.1103/physreve.95.013108
https://doi.org/10.1103/physreve.95.013108
https://doi.org/10.1103/physreve.95.053117
https://doi.org/10.1063/1.865384
https://doi.org/10.1103/physrevlett.85.3317
https://doi.org/10.1103/physrevlett.85.3317
https://doi.org/10.1063/1.2803837
https://doi.org/10.1039/c5sm03085d
https://doi.org/10.1017/s0022112079001439
https://doi.org/10.1016/j.cpc.2005.01.010
https://doi.org/10.1016/j.cpc.2016.05.012
https://doi.org/10.1103/physreve.75.041403
https://doi.org/10.1103/physreve.75.041403
https://doi.org/10.1016/0022-5096(93)90055-k
https://doi.org/10.1103/physreve.83.061924
https://doi.org/10.1063/1.3677935
https://doi.org/10.1016/j.cpc.2016.04.018
https://doi.org/10.1137/0111030
https://doi.org/10.1017/s0022112001004657
https://doi.org/10.1364/oe.18.006008
https://doi.org/10.1017/jfm.2015.157
https://doi.org/10.1063/1.1955127
https://doi.org/10.1016/j.chemphyslip.2014.05.001
https://doi.org/10.1017/jfm.2016.739
https://doi.org/10.1103/physrevlett.59.2486
https://doi.org/10.1017/s0022112094004209
https://doi.org/10.1063/1.869703
https://doi.org/10.1063/1.869702
https://doi.org/10.1063/1.3026569
https://doi.org/10.1063/1.3483207
https://doi.org/10.1103/physreve.54.5463
https://doi.org/10.1039/c3sm51823j
https://doi.org/10.1063/1.4921247
https://doi.org/10.1103/physrevfluids.2.063102
https://doi.org/10.1103/physrevfluids.2.063102

