
Hydrodynamics and Elasticity 2022/2023

Training Sheet I

Problem 1 Viscous fluid occupies the region 0 < z < h between two rigid boundaries z = 0 and z = h.
The lower boundary is at rest, the upper boundary rotates with constant angular velocity Ω about the z-axis.
Show that a steady solution of the full Navier-Stokes equations of the form u = uθ(r, z)eθ is not possible,
so that any rotary motion uθ(r, z) in this system must be accompanied by a secondary flow (ur, uz 6= 0).

Problem 2 Determine the frictional force (per unit area) on a plane oscillating in horizontally covered by
a layer of fluid with thickness h, the upper surface of the fluid being free.

Problem 3 In an ideal fluid, the velocity field ur = Q
2πr , where Q is a constant, is called a line source flow

if Q > 0 and a line sink if Q < 0.
(a) Show that the flow is irrotational and incompressible for r > 0. Find the velocity potential and the
stream function, and the complex potential for such a flow. What are the streamlines? (b) Consider fluid
in the region x  0, with a plane rigid boundary at x = 0. Find the complex potential due to a line source
at x = d > 0. Use it to show that the pressure at x = 0 decreases to a minimum at |y| = d and thereafter
increases with |y|.

Problem 4 Consider a 2D velocity field u(x, y) =
(
x2 − y2,−2xy

)
. (a) Show that this flow is incompres-

sible. (b) Define and find the velocity potential φ and streamfunction ψ. (c) Plot all streamlines passing
through the origin and sketch the velocity field. (d) Show that the complex potential can be written solely
as a function of z = x+ iy.

Problem 5 In the lectures, we found the complex potential for a line (bathtub) vortex placed at z0 =
x0 + iy0 to be w = − iΓ

2π log(z − z0), where Γ =
∮
v · dr is the circulation. Now consider such a line vortex

at a distance d from a rigid plane wall at x = 0, as in the figure below. Find the complex potential which
describes this situation. Find the streamfunction and describe the corresponding streamlines.
Hint: Find out whether in this case one can use the method of images to obtain the flow field.

Problem 6 The walls of a cylindrical pipe filled with ideal, incompressible fluid are squeezed uniformly,
so that its cross-sectional area, A(t), decreases in time. As the pipe is squeezed, the water begins to flow out
of its ends. We assume that the x component of the flow field is of the form vx(x, y, z, t) = vx(x, t) (with
x axis directed along the pipe). For A(t) = A0 cosωt, 0 ¬ t < π/2ω find v(x, t) and the pressure difference
between points [1] i [2] (see the figure). The total length of the pipe is l and the atmospheric pressure is
equal to p0.
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