
Hydrodynamics and Elasticity 2022/2023

Christmas Homework Sheet 9

One of the problems will be handed in and marked. You can also bring your solution of any of
the Problems 4-6 to the first tutorial in 2023.

Problem 1 Consider a short ’needle’, i.e. a section joining two points: x0 and x0 +a0. Show
that the general form of deformation of such a needle may be written as

a = a0 + φ× a0 +E · a0,

where φ = 1
2
(∇ × u), where u is the displacement, and E is the strain tensor. What is the

interpretation of the second term?

Problem 2 For the displacement field

u1 = k(2X1 +X2
2 ), u2 = k(X2

1 −X2
2 ), u3 = 0,

with k = 10−4.

Using the strain tensor and the interpretation of its components, find the extension and
the change of angle between two short line elements dX1 = dX1e1 and dX2 = dX2e2,
which are attached to a particle, which initially resides at the point X = e1 − e2.

Find and sketch the position of line elements dX1 and dX2 before and after deformation.

‘’Farewell to fluid dynamics’ Christmas problems

(*) Problem 4: Tea leaf effect Why do wet tea leaves (which are heavier than the liquid)
always collect at the centre of the bottom of a cup when the tea is stirred by a spoon for a
while and then allowed to settle? Why they do not get pushed to the walls by the centrifugal
effect?

This puzzle was first solved by Albert Einstein when challenged by Annemarie Schrödinger. As
Erwin Schrödinger wrote to Einstein on 23 April 1926 “It just happens that my wife had asked
me about the ‘teacup phenomenon’ a few days earlier, but I did not know a rational explanation.
She says that she will now never stir her tea again without thinking of you.”

(*) Problem 5: Viscous torque on a cylinder An infinite cylinder of radius a rotates
in a viscous, incompressible fluid with angular velocity Ω. Show that the vortex of a following
form:

v =
Ωa2

r
eθ, r ≥ a, (1)

in this case an exact solution of the Navier-Stokes equation satisfying the boundary conditions.
Show that there is a nonzero torque exterted on such a cylinder by a fluid and find the value
of this torque. Next, find a mistake in the following reasoning:

Navier-Stokes eqution for viscous, incompressible fluid

ρ
Dv

Dt
= −∇p+ ρg + µ∇2v,



can be transformed, using the formula

∇2v = grad divv − rot rotv,

into the form

ρ
Dv

Dt
= −∇p+ ρg − µ rot rotv.

However, the flow (1) is irrotational (check!), thus the viscous term in the Navier-
Stokes equations vanishes; therefore the viscous forces are zero; and so the torque

on the cylinder is zero.

(*) Problem 6: A rotating sphere in Stokes flow A rigid sphere of radius a is immersed
in an infinite expanse of viscous fluid. The sphere rotates with an angular velocity Ω. The
Reynolds number Re = Ωa2/ν is small, so that the slow flow (Stokes) equations

∇p = −µ∇× (∇× v) = 0, ∇ · v = 0,

apply. Using spherical polar coordinates (r, θ, φ) with θ = 0 as the rotation axis, show that a
purely rotary flow v = vφ(r, θ)eφ is possible provided that

∂2

∂r2
(rvφ) +

1

r

∂

∂θ

[
1

sin θ

∂

∂θ
(vφ sin θ)

]
= 0.

Write down the boundary conditions which vφ must satisfy at r = a and as r →∞, and hence
solve the equation above to find

vφ =
Ωa3

r2
sin θ.

Show that the φ-component of stress on r = a is tφ = −3µ sin θ, and deduce that the torque
needed to maintain the rotation of the sphere is

τ = 8πµa3Ω,

which is linear in Ω just as the force on a translating sphere is linear in its translational velocity.

Merry Christmas and a less turbulent 2023!
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