
Hydrodynamics and Elasticity 2022/2023

Additional sample exam problems

Problem 1 The Burgers vortex. Seek an exact, steady solution to the Navier-Stokes equations
of the form

u = −1
2
αr êr + uθ(r) êθ + αz êz, (1)

where α is a positive constant. Note that ω = ω êz, where

ω =
1

r

d

dr
(ruθ). (2)

Verify that ∇ · u = 0, and show that the equations of motion imply

−1
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dω
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. (3)

Deduce that

uθ =
Γ

2πr

[
1− exp(−αr2/4ν)

]
, (4)

where Γ is an arbitrary constant.

Problem 2 Show that the so-called Taylor vortex,

uθ(r, t) = τ
r

t2
exp

(
− r2

4νt

)
, (5)

is a solution to the equation of motion, where τ is a constant with dimension of time. Calculate
the total angular momentum per unit axial length of the Taylor vortex and show that it is
constant in time.

Problem 3 Calculate the strain tensor for the displacement field

u = (Ax+ Cy,Cx−By, 0) (6)

where A, B, C are small constants. Under what condition will the volume be unchanged?

Problem 4 Show that a small volume change δV can be represented by a surface integral

δV =

∫
S

u · ndS. (7)

Use this result to derive
δ(dV ) = ∇ · u dV. (8)

Problem 5 Show that the Navier’s equation of equilibrium may be written as

∇2u+
1

1− 2ν
∇(∇ · u) = − 1

µ
f , (9)

where ν is the Poisson’s ratio.



Problem 6 Let the shaft be a beam with circular cross-section of radius a and axis coinciding
with the z-axis. The pure torsion of the shaft is described by the displacement field,

u = τz êz × x, (10)

where τ is a constant that measures the rotation angle per unit of length of the shaft. Eval-
uate the corresponding strains and stresses, and show that the stress vector vanishes on the
cylindrical surface of the shaft.

Problem 7 A body made from isotropic elastic material is subjected to a body force in the
z-direction, fz = kxy. Show that the displacement field,

ux = Ax2yz, uy = Bxy2z, uz = Cxyz2, (11)

satisfies the equations of mechanical equilibrium for suitable values of A, B, and C.

Problem 8 Consider a spherical shell (with inner radius a and outer radius b) under external
pressure and vacuum inside. Determine the range of values a/b for which the spherical shell
actually thickens when 0 < ν < 1/2.

Problem 9 Calculate how a massive sphere of radius a and constant mass density ρ0 is
deformed elastically under its own gravity. Calculate the surface displacement, and the central
radial strain.

Problem 10 A massive cylinder with radius a and constant density ρ0 rotates around its
axis with constant angular frequency Ω. (a) Find the centrifugal force density in cylindrical
coordinates, rotating with the cylinder. (b) Calculate the displacement for the case where the
ends of the cylinder are clamped to prevent change in length and the sides of the cylinder are
free. (c) Show that the tangential strain always corresponds to an expansion, whereas the radial
strain corresponds to an expansion close to the center and a compression close to the rim. (d)
Where will the breakdown happen?

Problem 11 Calculate the displacement, strain, and stress for a clamped evacuated pipe
subject to an external pressure P . Can the pipe wall actually thicken during compression?

Problem 12 Thickness oscillations of a plate. Consider a plate of thickness d in the x-
direction (0 ≤ x ≤ d) and infinite extent in the y- and z-directions. Suppose the slab is
deformed only along the x-direction with displacement field u = ux(x) êx. Assume no external
stresses act on the sides of the slab. Obtain the discrete eigenfrequencies of the thickness
oscillations of the plate in the absence of body forces.

Problem 13 Derive Navier’s equation of motion when the Lamé coefficients may depend on
position and time. Note that the stress tensor is unchanged, but the space-time dependence of
the Lamé coefficient gives rise to gradients in the Navier’s equation.
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